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Abstract. In this paper we establish stabihty resuhs for symmetric spaces 
of noncompact type under Ricci flow, i.e. we will show that any small pertur- 
bation of the symmetric metric is flown back to the original metric under an 
appropriately rescaled Ricci flow. 
^) ' It will be important for us which smallness assumptions we have to impose 

on the initial perturbation. We will find that as long as the symmetric space 
^ ' does not contain any hyperbolic or complex hyperbolic factor, we don't have 

, O , to assume any decay on the perturbation. Furthermore, in the hyperbolic and 

|/'( ' complex hyperbolic case, we show stability under a very weak assumption on 

, the initial perturbation. This will generalize a result obtained by Schulze, 

Schmircr and Simon f |SSS2) l in the hyperbolic case. 

The proofs of those results make use of an improved i^-decay estimate for 

Othe heat kernel in vector bundles as well as elementary geometry of negatively 
Q ! curved spaces. 
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1. Introduction 

Consider a locally symmetric space (M, i.e. a Riemannian manifold which 
locally has a reflection symmetry at every point (for more details see section [3]). 
By the de Rham Decomposition Theorem, its universal cover M can be expressed 
as a product Mi x . . . x Mm of irreducible symmetric spaces. All Mi are Einstein 
metrics with Einstein constants Aj. If all A, are negative, then M is said to be 
of noncompact type. Furthermore, if all A, are equal to some A < 0, then g is an 
Einstein metric with Einstein constant A. Hence it is a fixed point of the rescaled 
Ricci flow equation 

dtgt = -2RiCg,-2Xgt. (1.1) 

In this paper, we will prove stability results for the metric g, i.e. we will show 
that every sufficiently small perturbation g^ = 'g + h flows back to g under f ll.ip as 
t — oo. Surprisingly, for most of the symmetric spaces we don't have to impose 
any spatial decay assumption on the perturbation h. 

Theorem 1.1. Let {M,g) be a locally symmetric space of noncompact type which 
is Einstein of Einstein constant A < and assume that the de Rham decomposi- 
tion of M contains no factors which are homothetic to H", {n > 2) or CH^", [n > 
1). Then there is an e > depending only on M such that if 

{l-e)g<go < il+e)g, 

and if (gt) evolves by U.l]) . then gt exists for all time t and as t oo we have 
convergence gt — > g in the pointed Cheeger-Gromov sense, i.e. there is a family 
of diffeomorphisms \l/t of M such that ^tQt — ^ '9 the smooth sense on every 
compact subset of M. 
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In the hyperbolic or complex hyperbolic case, we have to impose stronger 
assumptions on the perturbation. 

Theorem 1.2. Let {M,g) be either H" for n > 3 or CH^" for n > 2, choose a 
basepoint xq E M and let r = d{-, xq) denote the radial distance function. 
There is an si > and for every q < oo an 62 = e2{q) > such that the following 
holds: If go = g + h and h = hi + h2 satisfies 

\hi\(p) < — — and sup |/i2| + ( / |/i2|'^'^a;) < £2, 
r + l M \Jm J 

then Ricci flow U.l\) exists for all time and we have convergence gt — > g in the 
pointed Cheeger-Gromov sense. 

In the case M = H", n > 4 Schulze, Schniirer and Simon ( |SSS2j ) have shown 
stability for every perturbation h for which ||/i||Loo(Af) is bounded by a small 
constant depending on ||/i||L2(jvj). This result is implied by Theorem 11.21 bv the 
interpolation inequality. Li and Yin ( |LY] ) have shown a stability result for 
M = H", n > 3 when the Riemannian curvature approaches the hyperbolic 
curvature like ei{6)e~^'^. 

One drawback of the decay assumption of Theorem 11.21 is that we cannot gen- 
eralize the stability to quotients of M under a group action which does not fix 
the distance function r. Results of this kind have to be proven separately. For 
example, for compact quotients of hyperbolic space, this stability was established 
by Ye in |Ye] and for finite volume quotients (i.e. if there are cusps) by the author 
in |Bam2] . 

Theorem 11.11 and 11.21 have the following immediate consequences: 

Corollary 1.3. Let (M, ^) be a locally symmetric space of noncompact type 
which is Einstein of Einstein constant A < and assume that the de Rham 
decomposition of M contains no factors which are homothetic to H", {n > 2) or 
CH^", [n > 1). Then there is an e > depending only on M such the following 
holds: If g is an Einstein metric on M with Einstein constant A and 

{l-e)g<g<{l + e)g, 

then g is isometric to 'g. 

Corollary 1.4. Let {M,g) be either for n > 3 or CH^" for n > 2, choose a 
basepoint xq € M and let r = d{-,xo) denote the radial distance function. 
There is an ei > and for every g < 00 an £2 = ^2 (9) > such that the following 
holds: If g is an Einstein metric on M of the same Einstein constant as 'g and 
g = 'g + hi + h2 with 

l^il(p) < — ~ ^'^^ sup |/;.2| + ( / |/i2|'^'^a;) < £^2, 
^" + 1 M \Jm J 

then g is isometric to g. 
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By results of Graham-Lee ( |GLj ) and Biquard ( |Biq| ), the spaces H", (n > 4) 
and CH^", (n > 2) admit deformations g which are Einstein, are not isometric to 
Ij and satisfy 

{l-e)g<go<{l + e)g. 

Hence for those spaces we cannot assume a result which is as strong as that of 
Theorem 11.11 resp. Corollary 11.31 However, we can ask whether in this case we 
always have longtime existence of the Ricci flow and convergence to an Einstein 
metric under certain assumptions. And for we can still ask whether we have 
a result as in Theorem 11.11 Both questions seem to be very difficult. 

Our results will rely on a geometric analysis of the heat kernel associated to 
the linearized Ricci deTurck flow equation. It will turn out that the geometry 
of the vector bundle Symg T*M in which the perturbation lives, improves the 
L^-decay rate of the heat kernel. We will see that the obstruction against a good 
decay, comes from cusp deformations (see subsection 15. 9p . Those correspond 
to the "trivial Einstein deformations" in |Bamlj and can be seen as algebraic 
deformations of cusp cross-sections. Cusp deformations turn out to exist only 
for the spaces H", (n > 3) and CH^", {n > 2). Theorem 11.11 and 11.21 for type 
h2 perturbations will then follow immediately from this heat kernel estimate. In 
order to allow type hi perturbations, we will use a trick from the geometry of 
negatively curved spaces. 

The paper is organized as follows: In section |21 we discuss the Ricci flow and 
Ricci deTurck flow equation and give a short overview over all analytical tools 
needed in this paper. Section E] contains a quick introduction into the geometry of 
symmetric spaces. In section HI we prove more abstract bounds on heat kernels 
in twisted vector bundles over symmetric spaces. The results obtained in this 
section are very general and are of independent interest. They involve certain 
constants which we will then estimate for our particular purpose in section |5l 
Finally, section [6] contains the proofs of Theorems 11.11 and 11.21 

I would like to thank my advisor Gang Tian for his constant support. Moreover, 
I am grateful to Hans- Joachim Hein, Robert Kremser, Peter Sarnak and Anna 
Wienhard for many helpful discussions. 

2. Analytical preliminaries 

2.1. Ricci deTurck flow. In order to establish the desired stability results, we 
will analyze Ricci deTurck flow. This flow is a modification of Ricci fiow via a 
continuous family of diffeomorphisms. 

Recall that the rescaled Ricci fiow equation reads 

<7f^ = -2Ric,«.-2A<7r. (2.1) 

In order to define the Ricci deTurck fiow, we need to make use of a distinguished 
background metric 'g which we will always choose to be the given symmetric 
metric on M. Define the divergence operator 

div^ : C^iM; Sym^ T*M) C°°(M; TM), h^- J^i^-eM^i, ■))* 
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where we sum over a local ^-orthonormal frame field (cj) and the musical operator 
'g is also taken with respect to 'g. Set 

Xg{h) = dWgh+ iVtTgh. 

Then the Ricci deTurck flow equation reads 

= -2 Ric,z,T -2Xgr - /^^^(sf-)^?^- (2-2) 

The advantage of Ricci deTurck flow over Ricci flow is that its linearization at 
gt = g is strongly elliptic. This fact has been used by deTurck to give a simplified 
proof for the short-time existence of Ricci flow ( [DeTj ). In fact, if we express 
equation (12. 2p in terms of the perturbation ht = gjr^^ — 'g, we obtain 

dtht + Lht = Qt (2.3) 

where L is called Einstein operator with 

and Qt only contains terms of higher order: 

Qab = — g^^ g^'' uhpoS vhqb — V phuaS vhqb + | Va/iupVft/l^g) 

- r^'g^'i-^pK, + \v,hpq)Vuhab 

- (^- - gm^lahb. + Vl,ha. - VLKb - Vl,K 



"uv I 



Hence if \h\ < 0.1, we can estimate \Q\ < C(|V/ip + \h\\V'^h\). We will also 
sometimes make use of the identity 

Qt = Rt + V*St, 

where 

Rab = — 9^^ g^'^i^ uhpgV vhqb — ^phua^vhqb + \V ahupV bhyq 
- ^"V^(-V„V + lVpKv){Vahqb + Vbhqa - V qkab) 
+ ^"''^^''(-2VpV + ^^vhpq){Vahbu + Vbhau " V„/lafe) 

+r''r''^ahpuVbhq, 

and {W*S)ab = -g'^^kSiab with 

Slab = f'''g^'^{-^phqv + \'^vhpq){gibhau + giahu) 

Observe that as long as \h\ < 0.1 we have 

\R\<C\Vh\^ and \S\ < C\h\\Vh\. 

The following Proposition expresses the equivalence of Ricci deTurck flow and 
Ricci flow. 
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Proposition 2.1. Let {gl^'^)t&[o,T) be a smooth solution to the Ricci deTurck flow 
equation /i2.^) and assume that \g[''^ — ^| < 0.1 everywhere. Define the time 
dependent vector field Xt = X-g{g^'^). Then Xt has a flow {^t)te[o,T), i-G. there 
is a family of diffeomorphisms : M — M such that 

i!t = Xto and ^0 = idM, 

and Qt = ^*g^^ solves the normalized Ricci flow equation Ii2.1\) . 

Proof. For the existence of the flow observe that we have \Xt\ < Ct~^^'^ by 
Corollary 12.31 below. The fact that gt satisfies the normalized Ricci flow equation 
can be checked easily. □ 

Hence, in order to establish Theorems 11.11 and II. 2[ it suffices to prove the 
stability for Ricci deTurck flow instead of Ricci flow. As we will see later, the 
main work will go into establishing the stabihty of the linearized Ricci deTurck 
flow equation 

dtht + Lht = Q (2.4) 

2.2. A priori derivative estimates. We will recall an a priori derivative esti- 
mate for linear or a certain type of nonlinear parabolic equations. If C M" x M 
denotes some parabolic neighborhood in space-time (e.g. Q = Br{0) x [0,T]), 
then we will denote by C^™''™(fi) the space of scalar functions on Q which are i 
times different iable in spatial direction and j times differentiable in time direction 
ii i + 2j < 2m. For a G (0, |), the corresponding Holder space will be denoted 

by C'^rn,2a\m,a^^y 

In order to present our results in a scale invariant way, we will use the following 
weights to define the Holder norm on C^™''^"'™'"(n): Assume 

r = min{r' : Vt C Br'{p) x [t — (r'Y,t] for some p, t} < oo. 

Then set 

|i|+2fc<2m 

where l runs over products of spatial derivatives. 
Set Br = Br{0) C M'^. 

Proposition 2.2. Let r > and consider the parabolic neighborhoods Q = B^ x 
[-r^, 0] and Q' = ^2, x [-4r^, 0]. 
Assume that u G C'^''^{Q') satisfies the equation 

{dt — L)u = R[u] = r^"^ fi{r~^x, u) + r^^ f2{r~^x, u) ■ u® V?i 

+ fsi^'^x, u) ■ Vu ® Vu + f^{r^^x, u) ■ u® V^m, 

where fi, . . . , f^ are smooth functions in x and u such that f2, fs, /4 can be paired 
with the tensors Vm, Vm® Vm resp. u^'V'^u. Assume that the linear operator 
L has the form 

Lu = aij{x)df,u + hi{x)diU + c{x)u. 



STABILITY OF SYMMETRIC SPACES UNDER RICCI FLOW 



7 



Now assume that we have the following hounds for m > 1, a G (0, |).' 

< A, 

Oi II (72m — 2,2Q:;m— l,a < r A, II c||(72m-2,2a;m-l,a^Q/) < T A. 

r/ien there are constants > anc? Cm < oo depending only on A, a, m 
and the fi such that if 

H = \\u\\Loo{n') < £m, 

then 

n||(72m,2aim,a(J7) < C mH . 

For a proof see e.g. [Bam2] . 

We will frequently make use of the following consequence of Proposition 12. 2[ 

Corollary 2.3. Let T > and assume that {ht)t<^[Q,T) satisfies either the Ricci 
deTurck flow equation /i2.3\) or the linearized Ricci dcTurck flow equation ^2.4\ ) 
on a domain D C M, where M"' denotes any complete Riemannian manifold. 

Then for any m, there exist constants Em > 0, Cm < oo depending only on m, 
n and hounds on the curvature tensor of M as well as its derivatives, such that if 

H = ||/i||L°°(£,/x[o,T)) < £m, 

then 

||V™/ii|Uo.(B) < Cmt-'^/^H for ante [0,T). 

Observe that Em, Cm are in particular independent of the injectivity radius of 
M. 

Proof. At each point p E D pass over to a local cover and consider the domains 
n = Br{p) X [3r2,4r2] c B2r{p) x [0,4r2] = fi' for < r < \T^'^. PropositionO 
then yields the desired result. □ 

2.3. Short-time existence. In this subsection let (M,^) be an arbitrary Rie- 
mannian manifold. 

From (12.31) . we see that the Ricci deTurck flow equation is strongly parabolic 
if ht is small enough. We will quote a general short-time existence result which 
follows by a standard inverse function theorem argument. For more details see 
[ShiJ, p] and jSSSn sec 4]. 

Proposition 2.4 (Short-time existence). Let (M, ^) he a complete Riemannian 
manifold. Assume that its curvature tensor is glohally hounded in the C^'"' -sense. 
Then there are Es.e.,o's.e. > 0, Cs.e.,m < oo which only depend on M and 'g such 
that the following holds: 
Let go he a smooth metric on M. If 

\\90 — 9\\l°°(M) < £s.e., 

then there is a unique L'^ -hounded smooth solution (gt) G ^^{M x [0,(T^g]) to 
the Ricci deTurck flow equation 1(2. 2\) with initial metric go. Moreover, we have 
the hound 

\\9t — fi'||L°°(A/x[0,o-|.e.]) ^ Cs.e.,m\\gO — fi'||L°°(M)- 
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2.4. Short-time estimates for the heat kernel. For small times, we can es- 
timate the heat kernel using a result by Cheng, Li and Yau ( |CLY] ) : 

Proposition 2.5. Let M" he a complete Riemannian manifold of uniformly 
hounded curvature, E a vector hundle over M and E M . Then for every 
T < oo and 6 > there are constants Cm = Cm{M, E,pq,T,6) such that the 
following holds: 

Let {kt)o<:t<T ^ C°°(M; E) ® E*^ he the heat kernel in po, i.e. 

dth = Akt and h 6.p^-, id^j^^ . 
Then we have the estimates 

|V™A:,|(p) < C™r("+-)/2exp ( - j^^), 
where r = d{po,p) and <t <T. 

Proof. Observe that by Kato's inequality we have dt\kt\ < A\kt\ and hence the 
scalar heat kernel on M bounds \kt\. The bounds on the derivatives follow with 
Proposition 12.21 □ 



3. The geometry of symmetric spaces 

3.1. Introduction. We give a short introduction to the geometry of symmetric 
spaces. More detailed expositions can be found e.g. in jHel] . |Ebe] . |Bal] . . . . 

Let (M, 'g) be a Riemannian manifold and p G M. We call an isometry $ : M — )■ 
M with $(j9) = p, a reflection at p, if d^p = —id-TpM- M is called a (glohally) 
symmetric space, if it admits a reflection at every point. A Riemannian manifold 
which locally admits a reflection at every point is called a locally symmetric space. 
Every locally symmetric space is the quotient of a simply connected symmetric 
space by a properly discontinuous group action and vice versa. 

Assume now that M is simply connected and choose a basepoint po ^ M. 
Denote by G the connected component of its isometry group and hj K < G the 
isotropy group at po, i.e. the stabilizer subgroup of po- Then M = G/K where 
we identify po with 1 ■ K. 

We call M irreducihle, if it does not split as a product M = M' x M" . In this 
case, M is automatically Einstein. If the Einstein constant is zero, then M is 
isometric to Euclidean space. If it is positive, then M is compact and M is said 
to be of compact type and if it is negative, then M is diffeomorphic to M" and 
M is said to be of noncompact type. By the de Rham Decomposition Theorem, 
every simply connected symmetric space splits uniquely as the product 

M = MiX ...X Mm 

of irreducible factors Mj. Generally, we say that a locally symmetric space is of 
compact (resp. noncompact) type, if all factors in the de Rham decomposition 
of its universal cover are of compact (resp. noncompact) type. 
For a list of all irreducible symmetric spaces, see |Best p. 200] . 
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3.2. The infinitesimal structure. Let M = G/K be a simply connected sym- 
metric space of noncompact type. We will now discuss its infinitesimal structure. 
Let Q be the Lie algebra of G. The elements of q correspond to Killing fields 
on M. There is an involutory isomorphism o" : g — )• g which corresponds to the 
refiection at the basepoint Pq. This isomorphism induces the splitting Q = p Q) t 
into —1 and 1 eigenspaces where t is the Lie algebra of K. Moreover, we see that 

[p,p]ct, %p]cp, [t,t\ct 

For v,w ^ Q we define the Killing form by 

{v,w) = tr[v, [w, ■]]. 

It can be seen easily that the splitting g = p © t is orthogonal with respect to the 
Killing form which is positive definite on p and negative definite on t. 

Let a C p be a maximal abelian subalgebra, i.e. an abelian subalgebra which 
is not contained in a bigger abelian subalgebra in p. The dimension r = dim a 
is called the rank of M. Obviously, to every f G p there is a maximal abelian 
subalgebra containing v and contained in p. It can be proven (cf. [BalJ) that all 
such algebras are conjugate under the adjoint action of K. Hence, the rank of M 
is well defined. 

Now consider the infinitesimal adjoint action [v,-] : — )■ of any v E a on q. 
Since it is antisymmetric with respect to the Killing form and interchanges p and 

we can diagonalize [v, ■] with real eigenvalues. Moreover, since a is abelian, we 
can find a simultaneous eigenspace decomposition 

= 00a 

where A C a* is called the root system and 

[v, Xa] = a{v)Xa 

for any v E a and Xa G 0q,. The subspaces 0a are pairwise orthogonal with respect 
to the Killing form and for all a G A \ {0} the subspace 0^ is isotropic. 

It is easy to see that —A = A and that the involution a maps 0q, to 0_q, So if 
we set pQ, = (0Q, © g_a) n p and = [da © 0-q) n t, we have Qa © Q-a = Pa® ^a- 
Let fo G a be an arbitrary vector such that a{vo) ^ for all nonzero a G A and 
define the set of positive roots by A+ = {o; G A : aiv^ > 0}. Then we have 
the following root space decomposition 

= a © (0a © Q-a) © «0 

oeA+ 

= P©! = U© pa) © [ €a©^o)• 
These splittings are orthogonal with respect to the Killing form. The subspace 
^0 is a Lie algebra. Its geometric meaning will be described below. 

Using the Jacobi identity, we can conclude that for any two a, /3 G A, we have 
[0a, 0/?] C 0a+/3. Hence n = n+ = 0a6A+ da and n" = 0agA+ d-a are nilpotent 
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Lie algebras with a{n^) — n . The spaces n''" and n are isotropic with respect 
to the KiUing form, but on n © n~ 

is a positive definite scalar product. Let ai, . . . , an-r be the roots of A"^ occuring 
with the appropriate multiplicities and let xi, . . . ,Xn-r be an orthonormal basis 
of n"*" with respect to (■, ■) such that Xi G Then G Qa.+aj- Set 

yi = axi G g_a. C n". So (x^, y^) = -6ij and it is easy to see that [xi, yj] G Qai-aj 
and [yi,yj] G Q-ai-aj- We set 

Pi — ("^^ ~ ' ~ '\/^ ^"^^ ' 

Hence, form an orthonormal basis of the orthogonal complement 

of a in p and /ci, . . . , kn-r are a negative orthonormal basis of the orthogonal 
complement of in ^- We also choose an orthonormal basis Vi, . . . , of a with 
respect to (•,•). 

Observe that cr[a;i,|/j] = = — [a;j,|/j], hence G p. Moreover, 

[xj, yi] G so [xj, yi] G a. Since for any i> G a, we have 

^^hVi^-,'^) = -'\^i-,v\Vi) = (^i{v){xi,yi) = -ai{v), 

we obtain 

[xi,yi\^-af. (3.1) 

Finally, we apply our knowledge on the infinitesimal structure to find out more 
about the global geometry. The subgroup A = cxp(a) < G corresponding to a 
is abelian and isomorphic to W. The orbit J-" = A.po is a geodesic sub manifold 
of M isometric to W and is called a maximal flat of M. The subgroup Kq — 
exp(fio) < K corresponding to to is the point stabilizer of the fiat Observe 
that there are symmetric spaces with trivial Kq, such as SL{n)/ SO{n), however 
many symmetric spaces, e.g. hyperbolic space, have nontrivial Kq. The stabilizer 
(not the point stabilizer) StabK(^) of the flat however consists of several 
components of Kq. Forming the quotient W — Stabx(^)/-K'o yields a discrete 
group, called the Weyl group. It follows that the orbit K.p of every point p & M 
under the isotropy group K intersects J-" in a nonempty set which is invariant 
under W. Moreover, one can see that T can be decomposed into fundamental 
domains for the action of W which are called Weyl chambers and that W is 
generated by reflections along the walls of an arbitrary Weyl chamber. Finally, 
consider the subgroups N resp. N~ corresponding to n resp. n~. The product 
subgroups P = AN and P~ = AN~ are called Borel subgroups. They act simply 
transitively on M and stabilize a Weyl chamber at inflnity. 

3.3. Homogeneous vector bundles over symmetric spaces. Let M = G/K 
as before. We can regard M as the base of a right /T-principal bundle tt : G — > M. 
Given any representation p : K ^ GL{E) (where is a real vector space) we 
can form the associated vector bundle G Xp E — {G x E)/ ~ where 

(gg'^e) ~ {g,p{g')e). 
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We will denote this associated vector bundle, the vector space as well as the 
representation simply by E and we will also say that E is a. homogeneous vector 
bundle. We remark that the pullback 7r*E is the trivial bundle G x E. 

A principal connection on G is a valued 1-form 6 G Q^{G;t) satisfying the 
following two properties (compare e.g. |Roej ) 

(i) Equivariance: For any v G TG, k & K and right translate v.k, we have 
6{v.k) = Ad{k~^)6{v). Here Ad : K — )■ GL{t) is the adjoint representation 
with Ad^: : t — )■ gl{i), u (iw i— )■ [m, tf]). 

(ii) Being a projection: For u E t denote by Ru the vector field Ru : G ^ 
TG generated by the infinitesimal right action g i— )■ g.u. Then, we impose 
0{Ru) = u. 

A principal connection gives us a connection on every homogeneous vector bundle 
E: Let / G C°°(M; E) be a section of E and consider its pullback / = vr*/ as a 
function G ^ E. Then we set for any v G TpM 

vf/ = (rf/V) + P*%0/)/~ 

where v' G TpiG is any vector projecting to f , i.e. 7r(p') = p and dTT{v') = v. 

There is a canonical principal connection 6 onG with which we will always work 
from now on: Identify all tangent spaces of G with g = p © I by the left G-action 
and define 6 everywhere to be the projection g — )■ ^. We can easily see that this 
is the only connection which is invariant by the left G action and the refiection at 
the basepoint. Now, consider the adjoint representation Ad : K — )• GL{p) and its 
associated vector bundle, the tangent bundle E = TM. The principal connection 
6 induces a connection on E. It is not difficult to see that this connection is 
exactly the Levi-Civita connection on TM. 

3.4. Killing fields and Lie derivatives. Consider a homogeneous vector bun- 
dle E over a symmetric space M = G/K corresponding to a representation 
p : K ^ GL{E). Moreover, let 6 be the principal connection on tt : G — )■ M from 
the last subsection. 

For each x e g there is a Killing field X = j^\t=o exp{tx) G G°^(M; TM) and a 
right-invariant vector field X G C°°{G;TG) with X(l) = x. Then d7r{X) = X. 
Consider now a section / G G°°{M] E) and the corresponding function / = vr*/ : 
G ^ E. We define f : G ^ E as the derivative on G in the direction X 

f = df{X). 

Since f'(gg') = p{{g')~^) f (g) , we find that /' = n* f for some section /' G 
G°°{M] E). We call /' the Lie derivative of / with respect to X or x and write 

r = Cxf = cj. 

It is then easy to see that for x,y & Q, we have (observe that since the vector 
fields X,Y are right-invariant, [Ar,y] corresponds to — [x,?/]) 

^x^yf ^y^xf ^[x,y]f • (3-2) 
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We now relate the Lie derivative Lx to the covariant derivative Vx- At any point 
•p G M, we can decompose X = Xq + Xi where Xq and Xi are Kilhng fields such 
that for the corresponding right-invariant vector fields Xq,Xi G C°°{G;TG), we 
have e{Xo) = and e{X) = Xi on tt'^p). Then Xi{p) = and at p 

CxJ = Vxo/ and CxJ = pAX)f. 

This implies 

Cxf = \/xf + pAX)f. (3.3) 
Finally, we compute the Riemannian curvature of M at Pq. Let x,y,z & p and 
denote by X, Y, Z the corresponding Killing fields. Then 0{X) = 6{Y) = 9{Z) = 
and hence by (13. 3p applied to E = TM, we must have VX = W = VZ at po- 
Hence 

- [[X, Y],Z] = -V[x,Y]Z + VlxY - ^\,zy 

= RiY, X)Z - R{Y, Z)X = R{X, Y)Z. 

So expressed on p 

R{x,y)z = -\\x,ylz\. (3.4) 

3.5. Cross-sections of symmetric spaces. Consider the splitting g = p © 
fix a maximal abelian subalgebra a C p and consider the set A"*" C a* of positive 
roots of g. We call a root a G A"*" simple if there is no decomposition a = \ 
with ai, ^2 G A"*". We know (cf |Ebe] ) that the set S"*" = . . . , /S^} of simple 
roots forms a basis of the vector space a* and that every a G A+ can be expressed 
as a linear combination ^^^^ of the simple roots with nonnegative integer 
coefficients ki. 

We define the positive Weyl chamber 

C = {v ea : a{v) > for all a G A+} = {v E a : (3{v) > for all (3 G 

C has the structure of a polytope and for every splitting B+ = B we can 

consider the corresponding wall 

W = Cr}{vea ■ P{v) = for all (3 G B^}. 

So for B^ = 0, we have W = C and for B^ = B~^ , we have W = {0}. From now 
on, given a wall W C C, we will denote the corresponding splitting sets by ^Byy 
and B^. Every wall W C C has a boundary dW which consists of walls W G dW 
which are smaller than W by one dimension. Those walls W correspond to the 
splitting sets B^, = B^ U {/?} for /3 G B^. 

For every wall W G C, let A^ C A+ be the set of roots which can be repre- 
sented by linear combinations of the simple roots By^ and let A^ = A+\Ayy. Set- 
ting, aw = span(i3yy)*, we moreover obtain an orthogonal splitting a = aw©ayy. 
Now set pw = a>v©0jjg3:+ pa, iw = [Pw©aw, Pw®^w] and Qy^ = p^®an>®iw- 
It is not hard to see that 0yy and iy^ are Lie algebras. Denote by Gy^ and Ky^ 
the corresponding Lie groups. Then Myy = Gy\!/ Ky^ is a symmetric space which 
we will call a cross-section of M. Hence M{o} = M and Mq = {pt}. We remark 
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that not every symmetric space M — G' / K' with G' < G and K' < K arises by 
this construction, e.g. is not a cross-section of H^. 

We need to discuss a few more properties of Myy: Its Weyl group Wy^ acting 
on aw is generated by reflections along the walls corresponding to the roots A^. 
Hence Wy^ is a subgroup of the Weyl group W M and its fixed point set in a 
is exactly a^y- Next, consider the nilpotent Lie algebras 

nw = ® fla and rvy^ = ^ q^. 

Let Nw, iV-i^; < G be the corresponding Lie groups, let Ay^^Ay^ < G he the Lie 
groups corresponding to aw resp. aw and set Pw = Ay^Ny^ and Pyy = Ay^N_y^. 
Observe that N — Ny^Ny^ and P — Py\;P_y;. We will now show that Gw 
normalizes P_y^: To do this, it suffices to estabhsh [pw, c^w ® ® 
Obviously, [pwi^tw] — 0- ^^e second factor observe that for a G and 
§_ ^ Aw' ^ave [pa, 0/?] C Qa+i3 ® Now if — « + ^ wcrc not positive, 

a — P would be, but expressing this root as a linear combination of the roots in 
would lead to a negative coefficient in front of one of the roots of B^. This 
shows that [p^, 0/?] C n^y and hence the claim. 

Consider now a homogeneous vector bundle E over Af . It corresponds to 
a representation p : K ^ GL{E) on a vector space which we also denote by 
E. Restriction to Ky^ yields a respresentation pw '■ -^w GL{E). We will 
denote the associated homogeneous vector bundle over My\> by i?w Let now / e 
C°°(Mw; Ey^) be a section. It corresponds to a smooth map / : Gw — >■ E such 
that f{gk) — Pyv{k~^)f{g) for all g e Gw, k e Ky\>. Using the fact that P and 
Pw operate simply transitively on M resp. Mw, and the identity P = PwEw^ 

it is easy to see that there is a unique smooth extension f : G ^ E oi f such that 
the following is holds: f{gk) = p{k~^)f{g) for all 5^ G G, /c G and f{hg) = f{g) 
for all h G Pw^ 9 ^ G. Hence / corresponds to a smooth Pyy-invariant section 
/ G G°°(M; E) which we call the lift of f. Since the isometry group Gw of Mw 
normalizes Pyy, the construction of the lift is equivariant under Gy\>. 

4. The heat kernel in homogeneous vector bundles 

4.1. Statement of the results. In this section, we will prove a general decay re- 
sult about the heat kernel in homogeneous vector bundles over symmetric spaces. 

Let M = G/K he a simply-connected symmetric space of noncompact type and 
consider a homogeneous vector bundle E over M. Choose a basepoint po G M, 
set Eq — Epg and consider the heat kernel {kt)t>o G G°°{M; E) ® Eq centered in 
Po, i-e. for all e G -Bo 

dtkte = Akte and fc^e Sp^e. 

In the following, we will explain how to compute a constant Aq = Am,e, depending 
on the space M and the bundle E, which bounds the exponential L^-decay rate 
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of kt, i.e. for which ||/i;t||Li(M) < Ce~ °* for all t > and some C < oo. In 
many cases, this bound already turns out to be the exact decay rate, by which 
we mean that we even have ce~^°^ < \\Kt\\Li-{M) < Ce~^°^ for all t > and some 
c > 0, C < oo. After stating the exact Theorem, we will discuss its implications 
on the longtime behavior of general solutions of the heat equation in E, L}- 
bounds on the corresponding Green's kernel and L°°-estimates for the Poisson 
equation. In the subsequent section we will apply our result to the case in which 
M is Einstein and E = Symg T* is the vector bundle of symmetric bilinear forms 
(i.e. variations of the metric). This will lead to a decay result for the linearized 
Ricci deTurck equation. 

The constant Aq = Xm,e is defined to be the minimum over certain constants 
each corresponding to a cross-section of the symmetric space M. In order to give 
an idea about the concept behind this, we will first discuss the case in which M 
has rank 1. Then Aq = minjA^, A^} where A^ and A^ are defined as follows: 

The constant Al: Consider a Borel subgroup P = AN < G (see subsec- 
tion 122]), i.e. P acts simply transitively on M and fixes a point at infinity. 
Let Vpar C C°° (M; E) be the vector space of P-invariant sections (we will 
later call those sections parabolically invariant). Evaluation at po induces 
an isomorphism Vpar — Eq- Observe that for every / G Vpar, its Lapla- 
cian A/ is also contained in Vpar and hence we can define the operator 
Spar = — A : Vpar " ^ Vpar- As wc wiU sec in the next subsection. Spar is 
self-adjoint and using the isomorphism Vpar — Eq, we will compute that 
Spar{e) = — ^"Ji ki.ki.e. Now define A^ to be the smallest eigenvalue of 
Spar- We will see that always Al > 0. 

The constant Ab: Here we consider all Bochner formulas for sections in 
E, i.e. expressions 

-A = D*D + X (4.1) 

for some linear first order operator D : C°°{E; M) — )■ C°°{E'; M) and its 
formal adjoint D* : C°°{E']M) C°°{E]M). Let A^ be the maximum 
of all such A. Obviously, A^ > 0, since we always have the trivial Bochner 
formula —A = V*V. The constant As bounds the L^-decay of i^'t, i.e. 
||^i|U2(M) < Ce^'^^* for alH > 1 and some C < oo. 

We remark that in the rank 1 case, we could replace this definition by 
setting As to be the supremum over all A for which we have ||fct||L2(Af) < 
Ce~^* for alH > 1 and some C < oo. This might improve the constant Aq 
and lead to a stronger result. However, it would make the computation 
of As unnecessarily comphcated for our purposes and it is also not clear 
to us how to carry this concept over to the higher rank case. 

The main theorem of this section in the rank 1 case now reads 

Theorem 4.1 (Rank 1 case). Let M he of rank 1 and let Xl and Xb be defined 
as above. 

If > ^L, then the exponential decay rate is exactly Xl, i.e. there are constants 
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c > 0, C < oo such that 

ce~^^* < WktWmM) < Ce"^^* for all t > 0. 
If < ^L, then we have at least 

ce"^^* < WhWmM) < Ce-^B^ for all t > 0. 

Finally, if \b = ^l, the upper bound still holds with Xb replaced by any X < Xb 
(where C depends on X). More precisely, we have 

ce-^-* < WhWL^^M) < Ci\og{t + 2)f'\t + 2)"/2e-^^* 

where a = niax{(^"Jj^ ^i^i |ai|,2}. 

We give two examples which illustrate the possible constellations of and A^: 

Example A. Consider M = H" and E = T*, the bundle of 1-forms. In this 
case, we have A^ = 1 and Xb = n — 1. So for n > 2, we have an exact exponential 
decay with rate Aq = 1. For = 2, we can show that e*||fct||2,i(M) does not stay 
bounded for large t: 

Assume the opposite and consider the disc model of imbedded in M^, i.e. 
g^2 = (1 - r2)-2(cix2 + dy^), and choose po = 0. Then for f = dx e C°°{M] E), 
we have A/ + / = and hence Jj^^if, e*/cf) is constant in time and nonzero. But 
since |/| = 1 — and since the L^-norm of e^kf is assumed to stay bounded, we 
conclude that the supremum of e^\kt\ over a sufficiently large ball around po has 
to stay bounded from below as t — )■ oo. 

However, e^kt stays bounded in L°° along with all its derivatives for the follow- 
ing reason: By Cauchy-Schwarz and the convolution property of kt, we conclude 
that for t > 2 we have = jV^fci * kt-i\ < Wkt^iUnM) < Ce'K 

So by Arzela-Ascoli, we find a subsequence e'^/c^- which converges to some 
nonzero k^ G C°°{M; E). This k^o must be bounded in and and by the 
right choice of the tj, we can guarantee that dkoo = and (i*/coo = 0. Since k^o is 
also spherical (see the next subsection), we conclude that k^o must be a nonzero 
multiple of /, but / is unbounded in L^. 

Example B. Consider the case M = and E = SymgT*, the space of qua- 
dratic differentials. Then Al = 4 and A^ = 2, so the exponential decay rate lies 
between —4 and —2. Since / = dxdy e C^(M; E) is a bounded section satisfying 
A/ + 2/ = 0, we conclude that Jj^^{f,e^^kt) is constant in time and nonzero. 
Hence, ||e^*/ct||2,i(A./) has to stay bounded from below and the exponential decay 
rate is exactly —2. 

We will now discuss the case in which M has general rank. As explained in 
subsection 13.51 for every wall W C C of the positive Weyl chamber C, there is a 
cross-sectional symmetric space Mw of M. For example, M{o} = M and Mc is 
just a point. The vector bundle E restricts to a homogeneous vector bundle Ey\; 
over and to every section / e C~(Mw; E^), we find a lift / e C°°(M; E) 
which is invariant under the parabolic subgroup Pyv- Obviously, then also A/ is 
invariant under Pyy and hence A/ = /' for some /' G C°°(Mw; -Evv). There is a 
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linear (zero-order) bundle endomorphism Sy^ : C°°{M)^; E^^) — > C°°{My^; Ey^) 
which satisfies 

_ /' = Aw/ = A/-5w/, (4.2) 

where A denotes the Laplacian on My;. In the next subsection, we will see that 
5'w is self-adjoint at that at po, we have S)^{e) = — J2aeA+, ka-kg_-e. We remark 

that in the case W = {0}, we have A>v = A = A and Sy^; = 0. In the case 
W = C, we have A-^; = = Spar- Now consider all possible Bochner formulas 

- Aw = D*D + A (4.3) 

on Myy and let Aw be the maximum of all such A. We have Aw > 0, since there 
is always the trivial Bochner formula —Aw = V*V + Swt. Observe that in the 
two extreme cases we get A{o} = A^ and Ac = Xl. We finally set Aq = \m,e = 
minwcc and Ai = miuwcc Aw 

We can now state the main theorem of this section in its full generality: 

Theorem 4.2 (General rank case). Let M be a simply- connected symmetric space 
of noncompact type and let the constants {X\^)\^cc> (^i^d Ai be defined as above. 
If Xi > Xc, then the exponential decay rate is exactly Aq = Ac, i.e. there are 
constants c > 0, C < oo such that 

ce"^"* < \\kt\\L^(M) < Ce-^o* for all t > 0. 

If Xi < Ac, then the upper bound still holds with Xq replaced by any A < Aq (where 
C depends on X). More precisely, we have for c > 0, A, C < oo 

ce-"-^' <\\kt\\L-{M)<C{t + 2)^e'^'^K 

As an immediate corollary we obtain 

Corollary 4.3. Assume that we are in the setting of Theorem \4.S\ Consider a 
solution {st)t>o £ C°°{M\E) to the heat eqation dtSt = Ast which is bounded on 
compact time intervals. Then if X < Xq or X < Xq and Ai ^ Ac, we have 

1 1 St 1 1 LOO (A/) < Ce '^*||so||l°°(m) 
and in the case X = Xi = Xc we get 

\\st\\L°^{M) < (^(^ + 2)^e"^*||so||Loo(M)■ 
Observe that we did not impose any spatial decay or compact support assump- 
tions on sq. 

Furthermore, we can use Theorem 14.21 to find an L^-estimate on the associated 
Green's kernel which leads to an L°°-estimate of the Poisson equation: 



Corollary 4.4. Assume, we are in the setting of Theorem Let A < Aq and 
consider the Green's kernel g G C°°{M \ {po}] E) (g) Eq of the operator —A — A 
centered in Pq. Then A = < oo. 

As a consequence, we obtain the estimate 

A||As + As||loo > ||s||loo (4.4) 

for all bounded sections s G C°°{M; E) . In particular, —A — A does not have 
L°° -bounded kernel elements. 
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We remark that for these results it is essential that the homogeneous vector 
bundle E has curvature. Otherwise, we would only get the estimate H-ftTtULi < C 
in Theorem I4.2[ As for Corollary 14. 3[ observe that a simple application of the 

maximum principle would g IVG US 1 1 5^ 1 1 7^00 

< ||so|U°°- So the curvature of the 
vector bundle E leads to an extra decay rate, but only for large t. Corollary 14.41 
maybe shows the effect of the curvature of E in the most demonstrative way: If 
E were flat, then any constant section s G C°°(M; E) would contradict inequality 
fl4.4p already for A = 0. However, in the non-fiat case, the curvature forces the 
section to have nontrivial Laplacian. 

The next result is in the same spirit as Theorem 14.11 but it gives a pointwise 
bound on the heat kernel. 

Theorem 4.5. Assume we are in the setting of Theorem \4.1\ and that rankM = 
1. There is a constant C < 00 such that for Xq = minjAi, A^} 

C 

\kt{p)\ < — TTTT — -e"-^"* where r = d{po,p). 

YOlBr{po) 

A few remarks on the proofs of Theorems 14. 1^ 14.21 and 14. 5t Obviously, Theorem 
14.21 implies Theorem 14. II in the main case Al > A^ (which is the one needed here). 
Despite of this fact, we first carry out the proof of Theorem 14. II in subsection 14. 4[ 
since it is much simpler than the proof of Theorem 14.21 which is described in 
subsection 14.51 Subsection 14.21 contains a preparatory discussion on spherical 
models which will be used to describe the heat kernel kt- In subsection 14.31 we 
discuss some basic bounds which will be needed in both the rank 1 as well as the 
general rank case. 

4.2. Spherical sections in symmetric spaces. Consider a homogeneous vec- 
tor bundle E over M coming from a representation p : K ^ GL{E). We will 
analyze two classes of sections of E, namely spherical and paraholically invari- 
ant ones. Later, we will generalize the discussion of the parabolically invariant 
sections to Pyy-invariant ones what will then allow us to compute the endomor- 
phisms S'w. The last part will only be needed for the proof of Theorem 14.21 and 
can be skipped for the rank 1 case. 

We first introduce spherical sections. Let G M be a basepoint and K its 
stabilizer. Then K naturally acts on the space of sections C°°{M; E) of E and 
on the fiber Eq = Ep^ over pq. Hence it also acts on C°°(M; E) ® E^. We will 
now consider elements of this space rather than sections of E. 

Definition 4.6. A section f G C°^(M; E)®Eq is called spherical if it is invariant 
under the action of K. 

Obviously, the Laplacian A/ of a spherical section is also spherical and (A/)(e) = 
A(/(e)) for all e G Eq. 

Let now / be a spherical section, consider a maximal abelian subalgebra a C p 
and the fiat J-" = exp(a).po (cf subsection 13. 2p . Recall that the orbit of any 
point p G M under the action of K intersects J-" in a nonempty set which is 
invariant under the Weyl group W. So / is already determined by its restriction 
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to T . Since the curvature along T vanishes, the vector bundle E restricted to T 
becomes trivial and we can view the restriction of / to J-" as a function 

F : a — > End(Eo), v i — \ f {exp{v) .po) . 

It is easy to see that F actually only takes values in the subspace of i^o-equivariant 
endomorphisms of Endxo(-Eo) of Eq and is equivariant under the Weyl group, i.e. 
for every w E W and v E a, we have F{w.v) = w.F{y) = w o F{y) o w~^. 

Definition 4.7. The smooth function F : a — )• Endi^(,(-Eo) called a spherical 
model of f . 

Reversely, we can state the following result: 

Lemma 4.8. If F : a ^ EndKoiEo) is a smooth function which is equivariant 
under the action of the Weyl group W, then there is a unique smooth spherical 
f G C°°(M; E) Eq such that F arises in the way described above. 

Proof. It is clear that there is such a unique continuous spherical / G C°(M; E) ® 
Eq. Using the calculus described below, we can successively compute its covariant 
derivatives V""/ G C°(M; (T*)®™(8)F)(g)((T*)®'^(8)F)5 in terms of their spherical 
models and show that these are bounded. □ 



We will now compute the Laplacian /' = A/ of a spherical section / in terms 
of its radial model F, i.e. for each w G a we will compute F'{v). Recall the vectors 
Vi, ki,pi, Xi, yi E Q as defined in subsection [321 The conjugates k'^ = Ad{exp{v))ki, 
p[ = Ad(exp(t>))pj correspond to rotations resp. translations at p = exp{v).po. 
Hence 

r n—r 
i=l i=l 

Now observe that since 

Ad(exp(t>))xj = exp(aj(f ))a;i and Ad(exp(t>))yj = exp(— 
we find 

shaj(f) ^ ih. ai{v) * 
So since by (13.1 p [ki, A;-] = sh(aj(w))af , we conclude by fl3.2l) 

^V^^P^f = ~r2 r~^^kXkjf+ ,2 l^kr^k'f ,2 '\ \ {^k'^^kj + Ck,Ck'j) 

sh ai{v) sh ai{v) ^ ^ sh ai{v) 

1 ^ ^ „ ch^a, (f) ^ ^ „ cha;,(f 



Ck^CkJ + —jT^—CyCyJ - 2—^^—Ck[CkJ + cth{ai{v))C^#f 



sh ai{v) ' ' sh ai{v) ' ' sh ai{v) 
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Now observe that at p we have CkJ{e) = f{ki.e) and Cyji^e) = ki.f{e). Hence, 
we obtain 



F'{v){e) = AF{v){e) + J2 



^^-F{v){ki.k,.e) + [ h.ki.F{v){e) 



i=l 

ch a,- iv 



sh aAv) 



sh ai{v) 



-2- 



sh aAv 



-h.{F{v){h.e)) + ct\i{a,{v)){d^*F){v){e) 



So for f — )■ oo in the sense that ai{v) — )■ oo for all i, the expression becomes in 
the limit 



n—r 

F'{v){e) = AF{v){e) + ^ [k,.k,.F{v){e) + {d^*F){v){e 

i=l 



(4.5) 



Next, let P = AN < G he a. Borel subgroup and call a P- invariant section 
/ G C°° (M; E) parabolically invariant. Since P acts transitively on M, the 
section / is determined by its value /(po) ^ -^o at po- Observe that with / its 
Laplacian A/ is also parabolically invariant. We have 



(A/)(po) = J]£.,£.J(po) + 5^£p,£pJ(po). 

i=l i=l 

Using the fact that Cy.f = L^J = and pi = —ki + v^Xj, we obtain 

n—r 

(A/)(po) = [^•.^•./(Po) - V2£.XfeJ(Po 

i=l 

Since C-x.C.kJ = 'Ck.CxJ + -^^^ff = 0, we obtain 

n—r 

{/\f){p,) = Y,k^.ki.f{po). 



(4.6) 



(4.7) 



1=1 



Observe that the right hand side is exactly the zero order term in (14. 5p . It is easy 
to see that the map Eq — >■ Eq, e i— )• Yl^Zi ki.ki.e is self-adjoint. 

Now consider a cross-section Mw corresponding to a wall W C C and let Pyy = 
be the corresponding parabolic subgroup. Let / G C°°{My\)] Ey\;) and 
consider its (Pyy-invariant) lift / G C'^{M\E). Then A/ is also Pyy-invariant 
and hence there is an /' G C°° {My\;; Ey\j) such that /' = A/. We will calculate 
/'. First, recall that the isometry group Gy^ of My^ normalizes Pyy, so if / is 
Pyy-invariant, then so are its translates by the action of Gyy. Hence, it suffices to 
compute f'{po). Using (14. 6 p and the fact that C^f = for t> G ayy and Cx^f = 0, 
we obtain as above 

f'{po) = {Af){po) = J2^n^^f+ E ^p^^p^f+ E ^-^-/(Po)- 
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So 



/'(po) = (A/)(po)+ ^MiPo) 



and comparing this with (14. 2p yields 

(5w/)(Po) = -Y. f'MiPo). (4. 



4.3. First bounds on the heat kerneL Now consider the heat kernel {kt)t>o G 
C°°(M; E) ^ Eq. By an elementary uniqueness argument one can show: 

Lemma 4.9. {kt)t>o is a spherical section and its spherical model {Kt)t>o '■ a — )■ 
Ending Eq satisfies 



dtKt{v) = AKt{v){e) + J2 



i=l 



ch^ aAv) 



Kt{v){ki.ki.e) + — ^ — —ki.ki.Kt{v){e) 



sh ai{v) sh ai{v 



-2^P^kUKt{v){h.e)) + cth{a,{v)){d^*Kt){v){e) 
sh ' 

Moreover, Kt{v) G Endi^,, -Eq is always self-adjoint. 

Observe that by (14. 7p A^, (in the rank 1 case) resp. Ac (in the general rank 
case) is the smallest eigenvalue of the endomorphism 

n—r 

E — E, e I — > — ki.ki.e. 

i=l 

Denote moreover by /ij the largest eigenvalue of the endomorphism 

E — > E, e I — —ki.ki.e 
and consider the differential operator 



-L° = A - Ac + V 2/i,^i^5^^ + V ctHa,{v))d^# 



acting on scalar functions on a. By Lemma 14.81 the third term is a spherical 
model coming from a spherical function G C°°(M;]R). Using the discussion 
from subsection 14.21 (in the case ii^ = M), we find that L° corresponds to the 
differential operator A — Ac + acting on spherical functions on M. Let {kl)t>Q 
be the fundamental solution of A — Ac + /i centered at po, i-e. 

dtk° = Ak° + (-Ac + fi)k° and k° ^ 6p,. 
By uniqueness, k^ is spherical and its spherical model satisfies 

dtK° = -L°K° 

We can show that K'^ bounds 
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Lemma 4.10. For every t > andv G a denote by Kt{v){min) resp. Kt{v){ma.x) 
the minimal resp. maximal eigenvalue of the endomorphism Kt{v). Then 

< Kt{v){mm) < Kt{v){max) < K°{v). 

Moreover, Kt{v){ma.x) is a suhsolution to the heat operator dt+L° in the following 
sense: If {Gt)t>to ^ C°°(a) is a solution to the equation dtGt = —L°Gt and a 
spherical model, then Kt^lv) (max.) < Gt^ implies Kt{v){m.?Lx) < Gt for allt > to- 

Proof. The proof makes use of the maximum principle. We will first establish 
the bound Kt{v){min) > 0. If the the inequality was not true then, by the local 
behavior of the heat kernel for small times, we would find some e > and some 
first time t' > such that there are v' E a and e' G Eq with |e'| = 1 such that 

{Kt{v)e,e) > -e 

holds for alH < t', f G a and e E Eq with |e| = 1 with equality for t = t', v = v' 
and e = e'. This implies Kt'{v')e' = Kt/{min)e' = — ee' and 

{dtKtivy,e') <0. (4.9) 

as well as {duKt'{v')e',e') = for any direction -u G a and {AKt'{v')e',e') > 0. 
As for the zero order terms we compute 

{Ktiv'){k,.k,.e'),e') = {K,{v'){e'),h.h.e') 

= Kt'{v'){mm){ki.ki.e',e') = e{ki.e' , ki.e') 

and 

{ki.{Ktiv'){ki.e')),e') = -{Ktiv'){ki.e'), ki.e') < e{ki.e', ki.e'). 

So 

sh Q;i(f') / ~^ \ shai(f') / 

contradicting (14.91) . 

We will now prove the claim that Kt{v) {max.) is a subsolution to the heat 
operator dt + L°. The bound Kt{v){max) < K°{v) follows with a little more 
effort and will not be proven here since we will not directly need it. 

Denote by A a fixed constant which will be determined later. Let e > and 
assume again that there is some first time t' > t^ such that there are some v' G a, 
e' G Eq with \e'\ = 1 such that 

{Kt{v)e,e) < Gtiv)+ee''' 

holds for a\\ tQ < t < t', V G a and e E Eq with |e| = 1 and equality is true 
for t = t', V = v' and e = e'. This implies Kti{v')e' = Kti{v'){max)e' and 
Kt>{v'){max) = Gfiv') + ee^'' . 
Obviously, 

{dtK,,{v')e', e') > d,GAv') + sAe^''. (4.10) 
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Moreover, for any direction m G a, we have {duKt'{v')e' ,e') = duGt'iy') and 
{/\Kt>{v')e\e') < AGt'iv'). So 



i=i ' ' 

n- 

< AGt'iv') + Y,cMc^^{v))^^fGt'{v'). (4.11) 
1=1 

Since Kti{v'){e') = Kt'{v') {max.) e' and Kt'{v') {ma.x) > 0, we can estimate 

n—r 

Y,{h.h.Ke{v'){e'),e') < -\cKe{v'){max). 
1=1 

Moreover, 

- {h.{K,{v'){K.e')),e') = {K,{v')ki.e',h.e') 

< Kt' {v') (max) {ki.e' , ki.e') = —Kt'{v'){max){e',ki.ki.e'). 

This imphes (we use ^\ = 1 + , here) 

E ( ,2 \ , K,{v'){h.h.^) + ^|j^^A;..fc,.ir,(t;')(e') 
\sh ai{v') sh ai{v') 

„chai(f'), , / ixx \ ( , v-^ „ chQ;j(f') — 1\ / ,x / X 

-2 / fc,.(ir,,(t;0(A:..eO),eM < -Ac+E 2/i,— i^,,(t;0(max). 

sh ai{v') I \ ^ sh ai{v') J 

So with ( 14. lip we obtain 

{dtK,{v')^, e') < -L°G,{v') - - Ac + S/x.^^^^^^^) ^^'^^'^ 

\ sn (y.i\v ) / 

/ , chaj(t>') — 1\ , , 

Combining this with (I4.10p and using the fact that Kti{v'){uiax) = Gt'{v') +ee^^, 
we conclude 

For sufficiently large A this yields a contradiction. □ 

4.4. The rank 1 case. Assume in this subsection that M has rank 1. Then 
a = M and we simply write = ai{l), i.e. aj(r) = a^r. We will now prove 
Theorems 14.11 and 14.51 
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Proof of Theorem \4.1\ For the lower bounds observe that by definition of Xl, 
there is a (parabohcally invariant) section / G C'^{M\E) with A/ = — Al/. 
Hence its convolution with the heat kernel satisfies f * kt = e~^-^*/, and thus the 
L^-norm of e^^^kt must be bounded from below. 
In order to establish the upper bounds, set 

poo "—1 

hI"^ = ( / r[sh(air) ■ {Kt{r){max)f dr) 

for p > 1. It is easy to see that there are constants Cp and Cp depending on p 
such that 

CpH^^^ < \\kt\\LP{M) < CpH[^\ 

By definition of A^, there is a Bochner formula of the form — A = D*D + A^- A 
basic application of Stoke's Theorem yields 

^ll^t|lL2(M) = ~2AB||fct||i2(M) - 2||Dfci]|^2(^j) < -2AB||/Ct||^2(jvf)- 

Hence for t>l 



^ < —\\kt\\L^ < Ce-^^K (4.12) 

Now from Lemma [4. 101 we know that Kt{v){m.ax) is a subsolution to the heat 
operator dt + L° and hence 

^ n— 1 n— 1 

< 



/ TTsh(ajr) f (9^ i^'t(r) (max) + cth(Q;jr)(9r-ft't (r) (max) j(ir 
' i=i ^ i=i ^ 

+ / JJsh(air) ■ — -j- —Kt{r){max)dr. 

Jo sh (ajrj 

By partial integration or Green's formula applied to the corresponding spherical 
function, the first integral vanishes. It remains to bound the second integral. 

Let 6 > 0. Choose the io for which is minimal and recall that a = 
max{(^"Jj^^ ai)/aig, 2}. Using Holders inequality, we can bound the second inte- 
gral by 



i=l 



n-1 s a+S-l 

sh(ajr) {Kt{r) (max) a+s-i dr 

1=1 
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We can rewrite this inequality as 

4 (e'^'H^'A"^ < ^C6-^ (e'^'H^'^^~ 



dt \ * 7 a + 6 V * 

In the cases < and A^ > Ag, we can integrate this inequahty using f l4.12p 



to conclude that e^^^H^^^ stays bounded. If A^ = A^, we find 



d 



dtV ' * 
Hence for 6 < 1 

The theorem follows for 5 = 1/ log(t + 2). □ 

Corollary 14.31 follows by convolution. 
Proof of Corollary \4-4\ For the first statement use the identity 

POO 

g = e^%tdt. 
Jo 

The second statement follows from the first by convolution. □ 
Proof of Theorem \4.5\ Note first that for an appropriate constant Vq 

vol5,,(po) = ^ ri\sh{ay)dr' 

Jo .1 



i=l 



and hence if we set a = Y17=i ^^"^ ^^^^ voli?r-(po) is asymptotic to e"'". So 

for r > 1 we have ce"'' < voli?r(po) < Ce"''^ for large r. For r < 1, can simply 
compare with the Euclidean volume growth: cr" < voli?r(po) < C'r". 

Now consider the heat kernel kt. For t < ^, the inequality follows from Propo- 
sition 12.51 For t > I , we can argue as in the proof of Theorem 14.11 and conclude 

\\kt\\L^M)<Ce-''^\ 

By convolution and Cauchy-Schwarz, this gives us an L°°-bound for t > | 

\km = \h/2 * h/,\{p) < Coe-^^* < Coe-^°*. (4.13) 

Observe that the quantities /c((max) and \ kt \ are comparable: C^^l/c^l < A;((max) < 
\kt\. Now recall that by Lemma [4.10[ the spherical model i^t(max) is a subsolu- 
tion to the heat operator dt + L° where 

n-l n-l , . _ 1 

-L° = 92 + V a, cth(«,r)5, - Ai + V 2/^, ' ^"f^ ^ . 
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Let 5 = 1 mirij and set F{r) = e — e , Then there is some Tq such 
that F'{r) < for r > tq and we have 

- L°F + XlF < F"{r) + V a.F'(r) + V 2/i,^^^gf^^F(r) 

So, possibly after increasing rg, we can assume that {—L°F + XLF){r) < for all 
1" ^ ''"o- This shows that e~^^^F{r) and hence also e~'^°*F(r) is a supsolution for 
the heat operator dt + L° on the domain {r > ro}. 

Now choose Ci so large that Ci/(ro) > Cq. By fl4.13p . we have the boundary 
estimate ii't(r) (max) (ro) < Cie~'*'°*F(ro) for t > |- Moreover, using Proposition 
I2.5l we find that after possibly increasing Cq that i^i(r)(max) < Cie~^''^F(r) for 

r > ro- So, by the maximum principle this implies i^'t(r)(max)(r) < Cie~'^°*F(r) 
for all t > I and r > tq. Since F(r) < e""*", this proves the claim. □ 

4.5. The L^-decay in the general rank case. We will now carry out the 
proof of Theorem 14.21 for the case in which M can have rank higher than 1. The 
difficulty here comes from the fact that the functions '^^^"'""^ are only decaying 
towards one coordinate direction. We will resolve this issue by controlling certain 
L^L^-norms of Kt which allow us to reduce dimensions step by step. Those 
norms will correspond to the possible splittings o = aw © Oyy for walls W C 
C (see subsection 13. 5p and will be controlled using Bochner formulae for the 
corresponding symmetric spaces Myy. In the case in which M is a product of rank 
1 symmetric spaces, this program can be carried out without any problems: The 
spaces Myy are factors of M and the spherical model Kt on a can be approximated 
by a spherical model on a.y^ and an iVyy- invariant section on a^y as long as we 
are far enough away from the origin on a^y. However, in the general case, the 
domain on which the spherical model resembles this mixed spherical-parabolic 
model, has a more complicated geometry due to the lack of orthogonality of the 
roots. Therefore, a more careful localization has to be carried out. 

For the moment let Aq be an arbitrary constant. We will need the following 
results: 

Lemma 4.11. There are constants Cm < oo such that the following holds: As- 
sume that \\kt\\L'^[M) < He~^°* fort G [0,T]. Then 

||V"^fci|Ui(M) < CmHe-^^' for t G [1,T]. 

Proof. This follows from the fact that V"^kt = V"^ki*kt-i and Young's inequahty. 

□ 

Lemma 4.12. There are constants d > and C < oo such that for every wall 
W G C we have the following inequality on the cross-section My^ of dimension 
n: Let g G C°°(Mw;; Ey^) ^ Eq be a spherical section. Then for any p G Myy we 
have 



\g\{p)<Ce-''-\\g\\^., 



■(Mw) 
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where r — d(po,p) and W^'"' denotes the Soholev norm. 

Proof. Since there are only finitely many cross-sections My^ of M, it suffices to 
show the inequality on M. By Sobolev imbedding, the inequality is true for 
r < 10. Assume now r > 10 and consider the orbit O = K.p. It can be seen 
easily that there arc constants c,d > which are independent of p such that we 
can find N = |_ce°'''J points pi,...,pN G O whose pairwise distance is greater 
than 2. Then on each Bk — Bi{pk) we have by Sobolev imbedding 

= \9\iPk) < C\\g\\w^,n^Bk)- 

Hence 

N 

N\g\{x) < ^C\\g\\wi,n(^B^:) < C\\g\\w^,r.^M)- 

k=l 

This yields the desired bound. □ 

We will need appropriate cutoff functions which specify the regions in which 
we compare the spherical model Kf with some mixed spherical-parabolic models. 
We will use a parameter a > 10 here to specify the accuracy with which this 
comparison holds. For every wall W C C and consider the splitting o = aw © a^y. 
Corresponding to W and the parameter a, we will define cutoff functions fj^ e 
C°°(aw) and rj^ e C°°(aw) such that the support of 77^ = rj^rf^ e C°°(a) and 
the region in which r]^ equals 1 resemble the wall W in a coarse sense. 

In order to do this, wc first define regions which will help us to characterize the 
behaviour of the 77^. Let {ayi;)yi;cc, (&w)>vcc be numbers greater than 1 which 
we will determine in the next Lemma and define the regions X^, , C 

X'^ = {v + veaw® £w • 1^1 ^ aw(o' — 1), a{v) > for aU a G B^} 

= {v + v&aw ® ayy : \v\ < a^a, a{v) > hy^a for all a e B^} 

= {v + veaw® '■ \v\ < avv;((T - 1), a{v) > bwio' + 1) for aU a G B^} 

We will later identify S'^ as containing the support of 77^, as a region in 
which r)^ is constantly equal to 1 and the regions X'^ for W G dW will serve 
to cover a certain part of the support of ^77^ (namely supp 77^977^). We need 
the following geometric identity: 

Lemma 4.13. There are choices for a\\>,by^ > 1 (which we will henceforth fix) 
such that for any wall W C C and all a > 10; 

(1) a{v) > a whenever v G for all a G Ayy. 

(2) We can cover a certain boundary part of by X^ : 

{v + v&S^ : ^{v)<by^{a+l) for some P_eB+;}(l |J Xf. 

Recall, that dW denotes the set of all codimension 1 walls of W. 

(3) For any f > 1 we have 

x^^R^u u xy;. 
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Proof. Recall that the walls W of C stand in one-to-one correspondence with 
splittings = B^ii^B^ of the basis and that a>v = span(i3^)*. 
For property (1) observe that for v = v + and a G we have 

a{v) = a(y) + a{v) > — Coflvvo" + b^a 

for some large constant Cq. So property (1) can be ensured if 

bw-Coaw>l for all W C C. (4.14) 

As for property (2) consider v = v + vE S'^ and assume that f3{v) < by^{a + l) 
for some PeB^. Let W G dW bet the wall for which S+ , =~B^ \ {f3}. Then 
aw' = span(a>vU{/3*}). Hence, if we consider the splitting v = v'+i/ G aw'©ayy/, 
we find < \v\ + Cif3{v) < ay^a + Cihy^{a + 1). So, if we choose 

aw > 2aw + ^Cibw for all W G dW, (4.15) 

we can ensure that < aw {a — 1). In order to conclude that v G X'^' , we 
still have to show that a(t;') > for all a G B^. Since = v- \f3*\~'^f3{v)f3* , 
it suffices to show that < if a 7^ /3. For this choose Xa G g^, X/? G g/3 

and ?/a = axa, = o"a;/3 such that [xa,yq\ = —a* and [x^,?//?] = — /3* (compare 
with (13. ip ). Now since a and /3 are simple, a — /3 = cannot be a root and hence 
[xa, Up] = 0. Hence we conclude by the Jacobi identity 

= {[Xa,X^,a[Xa,Xp]) < 0. (4.16) 

Finally, we analyze property (3): Let v G \ R^^. Then there is a /3 G B^ 
such that P{v) < by\;{a + 1). As in the previous paragraph, we conclude that 
property (3) holds whenever (I4.15P is satisfied. 
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It is now easy to see that we can choose the constants (avv;)wcc and (&w)wcc 
to satisfy KWl and dHS]). □ 

In the following Lemma we finally introduce the cutoff functions. 

Lemma 4.14. We can define cutoff functions rf^ G C°°(a>v), G C°°(ayy) 
and Tj^ = rf^Tj^ G C°^(a) with the following properties (for a > 10): 

(1) < fj^,ff^ < 1 and Idff^l, \dri^\, \d'^ri^\ < C everywhere and independently 
of a and W. Moreover, ff^ is invariant under the Weyl group Wy^. 

(2) supp?]^ C and {r]^ = 1} D . 

( 3) On supp Tj^ we have a> a for all a G A^. 

(4) 

—Wo W — Wo2 W ^ II \rW 

supp ri^ dr]^ , supp rj^ d rj^ C [J . 

w'eew 

Proof. Let fj^ G C°°(d)^) be a radially symmetric cutoff function which is 1 on 
-Baw((7-i)(0) C a and vanishes outside i?a^o-(0). For W = C, we just set r/^ = 1. 
In order to define G C°°(ayy), we choose a cutoff function G C°°(]R) which 
is 1 on [6H;(cr + 1), oc) and vanishes on {—oo, b\^a] and we set 



w TT W/ 



For W = {0}, we set rj^ = 1. Properties (1) and (2) trivially hold. Property (3) 
is just a restatement of Lemma 14.13! (1) and property (4) follows from Lemma 
KU\(2). □ 

Now consider the heat kernel {kt)t>o and its spherical model {Kt)t>o- Let Aq 
still be an arbitrary constant and assume that ||fct||Li(M) < ife~^"* for t G [0,T]. 
In the following analysis will always assume that t G 

Fix a wall W G C and some a > 10. Unless denoted otherwise, we will 
most often leave out W in the index, e.g. r/^ = r}^ and rj^ = rf^ . Consider 
the splitting a = a © a associated to W and define the time-dependent function 
G : a ^ End/^o by 



= / n 



In the case W = {0} we just have Gt = Kt. Observe that since i^'f(min) > by 
Lemma I4.10[ we can use Gt to bound the weighted L^-norm of Kt along a: 



[rijKtl n e^<G\G 



Since Gt is still equivariant under W, it is a spherical model on M. Let G 
C°° (M; ii^) ® be the associated spherical section. We can estimate that on 
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supp?]^. C a we have (using Lemma 14.141 (3)) 

So using Lemma [4. Ill we can conclude that for t E [1,T] 

||V"^^?ilUi(supp7jj < CmWV^ktWL^iM) < CmHe-^'^'. (4.17) 

So by Lemma [4. 121 we obtain for t G [1,T] and p G suppr/^ C M 

\gt\{p) <Ce-'^''He-^'''. (4.18) 

We can compute the evolution of Gt using the evolution equation for Kt from 
Lemma 14.91 To simplify notation we will denote all indices i corresponding to 
roots «i G by i and the same for i. 

dtGt = j% + AKt + ^ cth a d^#Kt + ^^(cth a - l)d^#Kt 

•JaL -rr 



ch^ a,- 



^ sn o^j 



sh a,- 



chaj 
sh^ aj 



+Y,da*Kt n 

~KGt + V cth a d^#Gt + V i—^Gt.kj.kj + ^^j^fcj.fcj.Gt 
— ^ — ^ Vsh ckT sh (Tt 



ch 



2T^^I-G't-fcl) + y kj.k-Gt + %i + %2 + %3 
sh aj 



(4.19) 



where 



%i 



/02 



/03 = / 



(-rj — Kt.ki.ki + f ^1^^ - 1 ) h.ki.Kt 



sh a,- 



- S 

Recall that all but the %-terms in fl4.19p are just the operator Aw^f from (14.21) in 
terms of spherical models on M . Hence, by the definition of Aw, there is a first 
order differential operator D such that 



dtQt = -D*Dg, - X^g, + %i + %2 + %3. 



(4.20) 
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Now, we define the time-dependent quantity 



= [t\G,\'\ll'h 



a 



I— ||2 

\Va9t\\L2(JJy 



If W = C, we just set 5^ = \Gt\'^. We can compute its time derivative using 
(11201): 

'^d,B^ = -\\VM\1.(M) - >^^^B^ 

+ l_r]^ * \/r), * gt * Vgt + fvl (%i + %2 + %3)gt- (4.21) 
Jm Jm 

The last two error terms can be estimated by the following Lemma. 

Lemma 4.15. There are constants C,A < oo and c > such that we have the 
following estimates: Assume that \\Kt\\L^(^M) < i^e^'^"* fort G [0,T]. Then we 
have for times [1, T] : 



M 



T]jVfjM\Vgt\<Ce-'^''H'e 



ca tt2 ~2\ot 



M 



Moreover, for every e > we have the following estimate: For W C W set 



t%i9t 



M 



W'CVV 



Proof. We start with the first inequality. Observe that by property (3) of Lemma 
14.141 we know that on suppr/^ C a 

|%2| + |%3| < Ce-- f ri^{K, + \dKt\) J]e^. 
Hence, by fl4.18p . and Lemma [4. Ill we conclude (using e~'^^ < 1) 



t{%2 + %2)9t 



M 



Ce-^He-^"' l_rf( [ ri^{Kt + \dKt\)l[eA I JJsha 

Ja \Ja ^ / I _ 



Analogously, we establish the second inequality. This time, we make use of 
the e~'^^-factor in f l4.18p and of f l4.17p for m = 1. We find that for some c > 
depending on d 



Jm Jm 
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We now establish the third inequahty. To avoid confusion, we will write out 
the W-index again. Observe first that Yla ^ invariant under Ww) and hence 
it is contained in Oyy. Let now v G a>v. Then, by partial integration 



(^ri%il)(^)< 



< c 



lf^{\drf^\ + \d'v::\)\K,\ n 

rf^{\drj^\ + \d^r]^\)\Kt\ JJ 



a 



. (4.22) 



Since by Lemma 14.141 (4) we know that the support of its integrand is covered by 
the X^' for W G dW, we can bound the last quantity by C X]w'g9w where 



\Kt\ 



Mxa^nxw' 



n 



a 



Now consider any W' ^ W (not necessarily of codimension 1 in W) and let / > 1. 
Then we can bound using Lemma [4. 131 (3) for f = 



Mxa^nxvv' 



r!^ \K 



n sha + y: yx- 



In order to bound the integral, let us first analyze its domain {v} x Oyy fl X'^' . 

Observe that the set XJ/ can be written clS 8b direct product X^' = X j x 
with respect to the splitting aw © Oyy/. Moreover, since a-y^t, C ayy, there is an 
orthogonal splitting ciyy = ci_l © ayy/ and we have aw = aw © a_L. So we can 
represent the domain of the integral as a product with respect to the splitting 
a = aw © Ow : 

{{v} X a^) = m X a^ x aw) n (xf x xf ) = {{v} x a^ nxD x Xf 

So by Cauchy-Schwarz 

2 \ 1/2 



' \2 



V"^'. \Kt 



JJ^ sh a 1 JJ^ sh a 



aeA+,nA^ 



X 



{t)}xaxnX„ 



\ 1/2 

■+ _ . A / W'eaw 



ieAy^;,nA^ 



The last integral can be bounded by Ce^^" for an appropriate A < oo. Now 
recall that /w = edimw'-dimw y^/ ^ y^^ Substituting in the identity above 
e/wcr for 0", applying it recursively and plugging it back into fl4.22p yields 



(Cl%i|)^ 



aw 



n *s < c ^ BZ.y"'-" 



ssa: 



and hence the desired result. 



□ 
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So combining fl4.2ip with Lemma 14.151 we conclude 

Lemma 4.16. There are constants C,A<oo and c > such that the following 
holds: Let e > 0, consider a wall W C C and set /w = edimW-dimW g^^/^ 
W C W. 

Then, under the assumption that \\kt\\L'^{M) < He^^"^ fort G [0,T], we have 
for a > 10 and times t G [1, T] 

We will come back to this evolution inequality later. First, we estimate the 
evolution of ||fct||Li(M) in terms of the . For this, we define the quantity 



St= Kt{max)Y\_sh 
Jc 



a 



and observe that St is comparable with ||fct||Li(M); i-e. 

cQt < \\kt\\L^{M) < CQt for all t > 0. 

Lemma 4.17. There are constants C, A < oo such that: Let e > and set 
fy^ = ^dimw-dimc^ Then at any time t > and for a > 10 we have the estimate 

dtSt < -(Ac - Ce-'')St + CY, e'^^^^ {3^^^)'^'. 

Proof. Recall that by Lemma 14.101 (see also the proof of Theorem 14. ip 

(dt + Xc) f Kt{m.ax)Y\_sha < f f 2/i ^ ^ ^ ) (max) "|~[ sh a . 

By Lemma M3\ (3) we have C = C i?^ U Uweac^<l^- So by Lemma SH 
(3), we conclude that outside the regions X^, (W G dC), the term inside the 
parentheses can be bounded by Ce~'^. Hence, in order to establish the Lemma, 
it suffices to show that for every W G dC, we have 



w'cw 

Analogously to the proof of Lemma 14.151 we set for any wall W ^ C (not only 
for codimension 1 walls) 



Now, using Lemma 14.131 (3) with f = e ^ and the splitting X'^ = X ^ x X^, we 

get 



< 
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X 



— /wc 



x: 



^K,\\ n sh 



n 



1/2 



We aw 

Iterating this inequality yields the desired result 



□ 



We have now transformed our geometric problem into a problem of bounding 
the solutions of a system of evolution inequalities. In the first step, we use Lemma 
14.161 to estimate the B^^ assuming a bound on || A;^||il(M)• 



Lemma 4.18. There are constants C,A <oo and 1 > c > such that: Assume 
that \\Kt\\L^(M) < He-^o* for t e [0,T]. Consider a wall W C C, set XI 
miny^^i^y^ Xy^' and assume X^'^ > Xq. 

If a > 10 is so large that e'''" < AJjJ^™ — Aq, then we have for times t G [1, T] 



I mm 



B7 < Ce-'^H'e 



— CCT rr2 — 2Aot 



+ Ce^"exp(-2(A^"^ - e-")t). 



Proof. We proceed by induction over the dimension of W. Fix W G C and assume 
that the inequality is true for any W" ^ W. Let e > be a constant whose value 
will be determined later and choose (/wOwcw according to Lemma I4.16[ i.e. 

= ^dimW'-dimW_ rj.^^^ 

'^dtB^ <-XyvB^ + Ce-^H'e-''''' + C{B^Y^' J2 e'^^^'^ {bY^,^ 

W'gW 

< -(Aw - e-'')B^ + Ce-'^H^e~^^^' + Ce'^ ^ e^'^^^'^Bf^,^ 



< -(Aw - e-")5f + Ce-^"//2e-2^«* + c^e(2^^^w'+i)-e"'=^vv'-iy2g-2Aot 



W'CW 



exp(-2(A-- - e-^''-)t) 



W'CW 



Now choose e small enough such that 2eAfy^i + 1 — c/w' < —2c for all W ^ W 
and set A' = 2£:A/{o} + l + A/{o}. Since a > 10, we can find a constant c' > such 
that e~°" — e^^ > c'e^°". Applying those assumptions, we obtain the evolution 
inequality 

'^dtB^ < -(A;^'° - e-")5^ + Ce-2^'^ij2g-2Aot 

+ Ce^'"exp(-2c'e-"t - 2(A5^'° - e-")t). 
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So 

< Ce-^^"if^exp(2(A;;^'" - Aq - e-")t) + Ce^'" exp(-2c'e~"t). 

Integrating this inequality and using the fact that 2(A™^'^ — Aq — e~°") > 2e~'^'^ 
yields 

exp(2(A;^- - e-nt)B^ < CB^{t = 1) 

+ Ce-'^H^ exp(2(A;^^" - Aq - e-")t) + Ce^'"+" 

and hence the desired result. □ 

We can finally combine Lemmas 14.171 and 14.181 to prove Theorem 14.21 

Proof of Theorem \4-S\ For small times, the theorem follows from Proposition 12.51 
Assume for the moment that Aq is an arbitrary constant satisfying Aq < Ai = 
miuyycc Ac and set Ht = sup^/gjo,*] St'e^°^ . Then by Lemma 14.1 71 and Lemma 14.181 
as long as 2e~'^'^ < Ai — Aq and a > 10, we have for t > 1 

dtSt<-{\c-Ce-nSt 

So, if e is chosen small enough as to ensure eAfy^; — c/w/2 < —1 for all W ^ C, 
we obtain for A' = Afyy/2 

dtiSte^""') < Ce-^Hte^^^-^'^'^' + Ce^'" exp(-(Ai - Ac - e-")t). (4.23) 

Now consider first the case Ai > Ac and set Aq = Ac = minvvcc ^w- Choose 
6 > small enough such that A' 6 — Ai + Ac < —26 and set a = 6t. Then for large 
t we can assume e~°" < 6 and 2e^'^'^ < Ai — Aq and we get 

dt{Ste^"') < Ce-^'Ht + Ce"^* = Ce-^\Ht + 1). 

So whenever Ht < 2S'(e'^°*, we find 

dt log(5te^«* + 1) < 2Ce-^*. 

Since the right hand side is integrable for t — ?■ oo, we conclude that Ste^^* stays 
bounded. 

Consider now the case Ai < Ac. Plugging Aq = Ai — 2e^^" into (14.231) yields 

dt{Ste^'>') < Ce-'^Ht + Ce^'" exp((e-" - 2e~"")t) < Ce-^Ht + Ce^'". 
So whenever Ht < 2Ste^°'^, we find 

By Gronwall's Lemma, we conclude 

SiC^o* < Cexp(Ce-"t + [A' + l)a). 
Choosing a = log(t + 2) yields the desired result. □ 
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5. Analysis of the Einstein operator 

5.1. Introduction. In this section, we will apply the results from section H] to 
the linearized Ricci deTurck equation dtht = —Lht where L = —A — 2R is 
the Einstein operator (see 12. ip . Let E = SynijT* be the bundle of symmetric 
bilinear forms. Observe that the zero order term 2R is a fiberwise self-adjoint 
endomorphism on E and hence it can be diagonalized with eigenvalues </?!,..., 
with respect to a splitting E = Ei (B ■ ■ ■ (B Em of vector bundles. 

We can integrate the extra term 2R into Theorem 14.11 in the following way: 
Redefine Al to be the smallest eigenvalue of the operator Spar = —A—2R : Vpar — ^ 
Vpar acting on parabolically invariant sections and Ab as the optimal constant A 
for Bochner formulas —A — 2R = D*D + A. Those new constants Az, and Xb 
are then just the old constants minus one of the ipi each. Now, redefine (fct)i>o ^ 
C°^{M; E) ® El to be the heat kernel for the operator dt + L, i.e. dtkt = —Lkt. 
Obviously, kt is just the old heat kernel with some extra exponential <y9j-decay 
on the i?j-component. It is now easy to conclude that with these redefinitions. 
Theorem 14.11 stays valid in its original reading: For Aq = minjAj;,, A^}, we have 
ll^tllLi(M) ^ Ce""*""*. The same is true for Theorem 14.51 

Analogously, we can integrate the 2i?-term into Theorem 14.21 This time, we 
have to redefine the constants {\w)wizc introduced in subsection 14.11 to include 
the zero order term. In order to do this, we replace the Laplace operator A by —L 
in the paragraph preceding equation (14. 2p . i.e. we set —Lf = f. This changes 
the definition of Aw and —Sy^; by an extra 2R summand and hence gives us a 
new Aw. Now Theorem 14.21 continues to hold for the redefined heat kernel. 

So in order to estimate the L^-decay rate of k^, we need to get a good bound 
on the redefined constants Aw- In this section we will solely be concerned with 
the analysis of these constants. Our result will be: 

Proposition 5.1. Assume that M is a symmetric space of noncompact type which 
is Einstein. Consider the Einstein operator L = —A — 2R acting on the vector 
bundle E = SymgT* of symmetric bilinear forms over M. Let (Aw)wcc be the 
constants associated to M, E and L as redefined above. Then 

(i) Aw > for all walls W C C and hence Aq = minwcc Aw > 0. 
(a) We have Aq > if and only if M does not contain any hyperbolic or complex 

hyperbolic factor in its de Rham decomposition, 
(m) If M = W for n > ?, or M = VM?"^ for n > 2, then A^ = Ac = and 

Afi = A{o} > 0. 
(iv) If M = then Al = Ac > and Xb = X{o} = 0. 

Hence in the last case in which does not contain a hyperbolic or complex hyper- 
bolic factor, the L^-norm of the heat kernel kt associated to dt + L is exponentially 
decaying as t — oo. If M = H" or CH^", then || A;t||ii(M) stays bounded and by 
Theorem 14. 5 [ we have the bound < C{vo\Br{po))~^ for all t. 

This section is organized as follows: In subsection 15. 2[ we recall the important 
identities and carry out some of the basic calculations. The reader who is only 
interested in the rank 1 case, then finds an estimate on A^ in subsection 15.31 
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For an estimate on he or she can then immediately jump to subsections 15.71 
through 15.101 (where he or she can always replace the index m by m and leave out 
any term with index I). In order to understand the higher rank case, subsection 
15.31 will still be important since it discusses a Bochner formula which will later 
be applied to cross-section My^; of M. In subsection 15. 4[ we will find that the 
problem of estimating Ayy splits into an estimate on three vector bundles Epp, 
Esym2v -^SymaP- The estimates on Epp and -Esymjp will be carried out in 
subsections 15.51 and 15.61 The estimate on 'Esym^ p is the most difficult one and 
will be carried out in subsections 15.71 and 15.81 During this discussion, a possible 
nullspace arises which we will then analyze in subsection 15.91 Finally, subsection 
15.101 contains the proof of Proposition 15.11 

5.2. Preliminary calculations. Fix a wall W C C and consider the splitting 
= A^UA^. As explained in subsection 13. 5^ we obtain orthogonal splittings 
a = ayv®ay^,p = pyv®p^ and t = tw® Iw Here 

Pw = © pa and = © Pa- 

Moreover, we set 

= [Pw,Pw] and = €«: 

We remark that ky^ is not a Lie algebra and in general t 7^ Iw © Ivv- 
following, we will often make use of the fact that g-,^ = pyy © fyv is a Lie algebra 
and that moreover 

[Pw, Pj , fw, iw] C Iw, and [p^, Iw] , [Pw, hv] ^ P^- (5-1) 

From now on, we will leave out the index W. Recall the orthonormal systems 
ki, . . . , kn-r € t and Pi, ■ ■ ■ ,Pn-r £ P from subsection 13.21 They split into systems 
{kj}, {pj} resp. {ki}, {pi} corresponding to roots aj G A^ resp. G A"*". In the 
following, we will denote by ei, . . . , e„ G p an arbitrary orthonormal basis of p 
which obeys the splitting p = p © p, i.e. the index set {i} splits into {i} and {i} 
such that {e^} is an orthonormal basis for p and {cj} one for p. 

Let E = SymjT* be the vector bundle of symmetric bilinear forms. We will 
identify T* = T. At the basepoint po G M, we can identify T = p and hence Eq = 
Sym2 p. The sphtting p = p©p induces a splitting Sym2 p = Sym2 p©Sym2 p©pp. 
Observe that this splitting comes from a splitting 

Eyv = -^SymaP © -^SymjP © -^^P (^-2) 

over the whole space M>v. We will denote the elements of Sym2 p hj v -w = w -v 
for v,w E p and set {v ■ w,v' ■ w') = ^{v,v'){w,w') + ^{v,w'){w,v') . Hence 
{V^Ci ■ Cj, Ck ■ Ck ■ i < j} is an orthonormal basis for Sym2 p. 
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From (13.41) , we obtain that R{v ■ w) = e; ■ -R(ei , f ) w = — J2i ' [[^h'^]:'^]- 
Hence using (14.81) , we can compute that foiv-wE Sym2 p 

Syviv ■ w) = - ^ [[krn, [k-rn, v]] ■ W + V ■ [krn, [krn, w]] + 2[A;„, v] ■ [/e^, w]) 
m 

I 

Pairing this with v' ■ w' E Symg p yields 

2{Sw{v ■ W),V' ■W') = ^ (^{[km,v], [krn,v']){w,w') + {[krn,v], [krn, w']) {w , v') 

m 

+ {V,v'){[krn,w], [krn,w']) + {v , w') {[krn, w], [km, v']) 

- 2{[krn,v],v'){[krn,w],w') - 2{[krn, v], w') {[krn, w], v')^ 

+ 2([K, v],w], w') + 2{[[w\ vl wl v') (5.3) 

We remark, that in order to determine the constants resp. in the rank 
1 case we have to analyze the operators Sq resp. S'jo}. 

5.3. A Bochner formula. We will now derive a Bochner formula for L on M 
and hence get a lower bound for Ajo} = Xb- In the higher rank case, this Bochner 
formula will be applied to cross-sections My^ of M in subsection 15.61 So in order 
to allow for this further application, we will not require M to be Einstein in this 
subsection. 

Recall the definition of the divergence operator 

div : C°°(M; Sym2 T*) — > C°^(M; T*), hi^ ^ 'Yl ^^^^^ 

i 

and define the exterior derivative with coefficients in T* 

d ■ C°°(M; Sym2 T*) C"^(M; A2T* ® T*), hij ^ Vihju - Vjhik. 
Their formal adjoint s are 

div* : C^{M; T*) C^{M- Sjm^ T*), 7, ^ i(V,7, + V,7.) 

and 

d* : C°°(M; A2T* ® T*) C°^{M; Sym^ T*), 7,,, ^ -|(Vfc7fc., + ^k'yk,^). 
We can then calculate that 

{Lh)ij = (div* div +d*d)hij - R{h)ij - | ^ ( RiCifc hkj + hn, Ric^j ) . (5.4) 

k 

In the following Lemma we will show that the zero order term is nonnegative and 
most often even positive definite. Hence, by choosing D = div +d : C°° (M; E) — )■ 
C°°{M; T*©A2T*(8)T*), we conclude that A{o} = A^ is nonnegative resp. positive 
(compare with (14. ip and (14.31) ). 
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Lemma 5.2. Let R resp. Ric be the Riemannian curvature resp. Ricci curvature 
at a point of a symmetric space M of noncompact type and let T be the tangent 
space at that point. Then the operator 

A : Sym2 T* — > Sym2 T*, hij ^ -R{h)ij - | ^ ( RiCife hkj + hjk RiCki ) 

k 

is self-adjoint and nonnegative definite. 

Moreover, if we consider the splitting T = 71 © ... © associated to the de 
Rham decomposition M — Mi x . . . x M^ and assume that the Mi, . . . , M^' are 
the only M^- factors, then the nullspace of A is 

^h^hi + ... + hm' ■■ Ke Sym2 T* , tr /ij = O}. 

Hence, if M does not contain any "E? -factor, then A is positive definite. 

Proof. Assume first that M ^ M' x M" is reducible and let T = T' © T" be the 
corresponding splitting. Choose an orthonormal basis ei, . . . , e„ of T which obeys 
this splitting. We first show that A preserves the induced splitting Sym2 T* = 
Sym2(r)*©Sym2(T")*©(T')*(r")*: like Sjm^{T'y, then R{h)ij = Es,tRistjhst 
is only nonzero if e^, ej e T', since Ristj is only nonzero if either all indices i,s,t,j 
belong to T' or to T". Furthermore since Ric-r = RIct' + RIct", we see that 
^f^RiCikhkj is only nonzero if ei,ej G T'. So A{h) G Sym2(T')*. Analogously, 
we see that A maps Sym2(T")* into itself and by self-adjointness it also has to 
preserve (T7(T")*. 

Next, we show that A is positive definite on (T')*(T")*. Let h G (T'y{T"y 
and observe that R{h) — 0. Then {A{h), h) = — Xli jfcl^icjfc hkjhij > if /i 7^ 0. 
So, we can restrict ourselves to the case in which M is irreducible. 

Let h G Sym2T* and choose an orthonormal basis ei, . . . ,e„ for which h is 
diagonal, i.e. h — Yll=i ® ^i- Observe, that since M is of noncompact type, 
the sectional curvatures Kij — {R{ei, ej)ej, ei) < 0. We can compute that 

(^R{h),h) = Rijjiiihii'hjj' = ''^^Kij\i\j. 

i,i',3,j' hJ 

Hence, since RiCjj = K^j 
{A{h), h) = -[j2 ^^^^^^^ + -2^^^^' + ^^'^-^O = - E '2K^J{K + A,)' > 0. 

Assume now that h lies in the nullspace. Then we must have Kij = whenever 
A,: 7^ \j. We can split T — T[® ■ ■ ■ ® T'^„ such that is spanned by all for 
which |Afc| is a given constant. Then for Cj and Cj belonging to different T^, we 
have Kij = and since the Riemannian curvature even has to property of having 
nonnegative curvature operator, we conclude that all sectional curvature between 
different T^. vanish and hence © ... © T^„ corresponds to a geometric sphtting 
M = Ml X ... X Mm" ■ Since we assumed M to be irreducible, we find that m" — 1 
and hence h only has two eigenvalues —A and A. 

Let T = T_ © be the orthogonal splitting of eigenspaces of h. As before, we 
conclude that the sectional curvatures on T_ and r+ all vanish and hence those 
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subspaces correspond to flats in M or abelian subspace a-^,a+ C p. Now since 
the rank r of M is equal to the the number of simple roots and hence is not larger 
than n — r, we conclude 2r < n. But since dim a_ + dim a+ = n, we must have 
2r = n and dima_ = dima+ = r. In this case, all positive roots of M have to 
be simple and hence orthogonal to each other (the argument for this is analogous 
to the one involving equation fl4.16p ). It follows that M = x . . . x and by 
irreducibility M = If. □ 

5.4. Block form of the Einstein operator. The splitting p = p © p induces 
a splitting Symjp = Symgp © Sym2p ©pp. We will find that 5*-^; : Sym2p — >■ 
Symjp preserves this splitting, i.e. the differential operator —A + Sy\> acting 
on C°°{Myv; Eyv) preserves the splitting (15. 2 p if we view it as a bundle endo- 
morphism. Hence we can analyze the operator —A + Syy on each component 
separately in the following subsections. 

Lemma 5.3. The map p — )■ p, t> h-). —J^mi^nL^ [^^rn,v]] is self-adjoint and pre- 
serves the splitting p = p © p. 

In particular, J2m {l^m, v], [km, w]) = for any v Ep and w E p. 

Proof. Let ei,...,e„ G p be an orthonormal basis which respects the splitting 
p = p © p. We find for f G p and w e p 

m m 

= '^{[krn,v],ei){[krn,w],ei) = ^ ( [t;, 6;] , fc^) ( [w, 6,] , fc^) (5.5) 

m,l m,l 

Now recall from (15. ip that if the index / is of type I, we have [w, ej\ G | and if it 
is of type /, we have [f , ej G |. So one of the two expressions [v, ei] and [w, ei] is 
always contained in | and we conclude that (15.51) is equal to 

([t;,e;], [w,ei]) = - Ric{v,w) = {n - l){v,w) = 0. □ 

I 

Lemma 5.4. For every wall W G C, the splitting p = p © p induces a splitting 
Sym2p = Symgp © Symgp ©pp. The operator : Sym2 p — )■ Sym2 p is self- 
adjoint and acts on each part of the splitting independently. 

Proof. Let v,w,v',w' G p. We conclude from (15. 3p that 

2{Sw{v ■ W),V' ■W')=^ (^{[krn,v], [krn, v']) {w , w') + {[krn,v], [krn, w']) {w , v') 

m 

+ {v,v'){[krn,U)], [krn,w']) + {v , w') {[km, w], [krn,v'])^ 

~2 X] ( b, W'] , /Cm) ( [W, W'] ,krn) -2{[V, v'] , [w, w'] ) 
m 

-'^^{[V,w'],krn){[w,v'],krn) - 2{[w,v'], [v,w']). 
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The fact that Syv is self-adjoint can be seen easily from this expression. Observe 
that the last two lines in this formula are equal to 

- 2(projjx[t;,f'], [w,w']) - 2( projjxfu;, t;'], [v,w']), (5.6) 

where I"*" is the orthogonal complement of t in t. 

Now assume that v,w Ep and v', w' G p, i.e. v-w E Symg p and v'-w' G Sym2 p. 
Then [t>, t>'], [w, t>'] G |, so expression (15. 6 P vanishes. Since {w,w') = {w,v') = 
{v, v') = {v, w') = 0, we conclude {Sy^{v ■ w),v' ■ w') = 0. 

Secondly, assume that v, w,v' Ep and w' G p, i.e. v-w G Symg p and v'-w' G pp. 
Then [^,1^'], [v,w'] G t and (15. 6p vanishes again. Moreover, {w,w') = {v,w') = 
and by LemmaESwe conclude Y^mil^iR: I^ir, ^1) = Zlm([^iiL' l^m.^ ^1) = 0- 
So {S\^{v ■ w),v' ■ w') = 0. 

Finally, assume that f G p and w, v', w' G p, i.e. v -w Epp and v'-w' E Symg p. 
Then (15. 6p vanishes again since [f,w'] G | and by Lemma 15.31 as well as 

{v,v') = {v,w') = 0, we conclude {S)^{v ■ w),v' ■ w') = 0. □ 

5.5. The Einstein operator on pp. We now analyze the operator —A + Sy^ 
on Bjpp. We will use the trivial Bochner formula — A = V*V and hence it suffices 
to analyze Sy^ acting on pp. 

Lemma 5.5. For every wall W <Z C, the restricted operator Sy^ : pp — )• pp is 
positive definite. 

Proof. Let v,v' E p and w,w' E p. Using the calculations from the proof of 
Lemma l5^ the fact that [v, v'] E I and [w, v'] E t and hence (proj|[w, v'], [v, w']) = 
0, we conclude 

2{Sn>{v ■ W),V' ■ W') = X] {{[km,v], [krn,v']){w,w') + {V,v'){[krn,w], [krn,w'])^ 

m 

- 2([w,t;'], [w,w']). 

Let ei, . . . , e„ be an orthonormal basis of p which respects the splitting p = p © p 
and express h = ^ij^i ' ^ PP- Then summing over all free indices 

2 {Sy^h, h) = hjjh-j. { [krn, ej] , [krn, e.'] ) + hjjhjj, ( cj] , [krn, e/] ) 

-2hjjh.'^,{[e-,e.'],[ej_,ef]) 

We can rewrite the last coefficient as 

([ei, e.'], [ej_, Cf]) = -{[e-, [e^, ef]],e.') = -([e^, [e-, e^']], e.') + ([ey, [ej, e^]], e^') 
= - 5Z ( t^?' ^i'] ' '^^) ( t^i' ^rl ^m) + { ej] , h' , e/] > 
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+ ([ei,e^], [er,e/]> 

Hence 

+ h-iih-if { [krn, ej] ,ej'){ [krn, Cf] ,ej') + hyhjj, { [/c^, e^] , e,' ) ( [fc^, e/] , e^' ) 

Since [fcm, e-] G p, the first term vanishes and we can regroup the expression as 
follows: 



2 



i 1' 

+ i 5^ ( 5Z t^^r^' ^i] ' ) - ^i'/ ( t^^^i' ^j'] ' ^^)) 



2 

> 



Observe that this expression is nonnegative since the Killing form is negative 
definite on If the expression is zero, then all the squared terms have to vanish, 
in particular 

for all and m where if- = Ylij'^'ij^j ^ P- We will show that p C [|, p]. This 
implies then that Hj = for all i and hence h = 0, establishing the Lemma. 

It remains to prove p C [t, p]. First observe that by (13. ip we have [krn,Pm\ = 
and hence a C [|, p]. Moreover, for any index m there is a v e a with am{v) ^ 
and we have [krn, v] = ~amiy)prn, so p^n ^ % p] what establishes the claim. □ 

5.6. The Einstein operator on Symjp. We will now analyze the operator on 
—A + Syv on -Esymap- Let R be the Riemannian curvature operating on Mw 
acting on symmetric bilinear forms h G Symg T* = i^gy^jp. We now make use of 
the same Bochner formula as in (15.41) . but this time on Mw, to conclude that 

{—Ah + Sy\!{h))ij = (div*div + d*d)hij 

+ ^Wij ~ \ (R-iCjfe/ifcj + hikRlCkj) + Sy^{h)ij. 

k 

Here div, d and Ric denote the corresponding operators and tensors on Myy. It 
remains to analyze the last line. This can be carried out on Symg p. 
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Lemma 5.6. The operator B : Sym2P — )■ Sym2P, 

h R{h)ij - I ^ (RiCifc/ifcj + /lifcRiCfcj) + Sw{h)ij 

k 

is nonnegative definite. Moreover, if M does not contain any -factor in its 
deRham decomposition, then B is even positive definite. 

Proof. For every h G Sym2p, we have 

{B{h), h) = {A{h), h) + (5w(/i) + iR{h), h), 

where A : Sym2 p — )■ Sym2 p is the expression from Lemma 15.21 on M\y . By the 
same Lemma we know that A is nonnegative definite and we will now show that 
Syv + 2R is nonnegative definite as well. 

Let v,w,v',w' G p. Using the calculation from the proof of Lemma |5.4[ we 
conclude 

2{Sw{v ■ W),V' -w') = (^{[krn,v], [k^n, v']) {w , w') + {[krn,v], [krn, w']) {w , v') 

m 

+ {V,v'){[krn,w], [krn,w']) + {v , w') {[k^n, w], [k^n, v'])^ - 4:{R{v ■ w) , v' ■ w') 

Hence, for any h = J^Ij^iJ^i ® with hjj = hj^ we find 

{Sy,{h)+2R{h), h) = 2Y,^hjjh.^J[krn, Cj], [k^n, Cj']) = 2 | [A;^, ^ hjjC-] |' 

This proves nonnegativity of B. 

Assume now that h lies in the nuUspace of B. Hence, it lies in the nuUspace of 
A and for all j and m we have [km, ^ij^-] = 0. By Lemma \572\ we have h = 
hi + . . . + km' corresponding to a splitting Mw = x . . . x x M^'+i x . . . x 
and each hk is traceless. Without loss of generality, we can assume that all the 
hk are nonzero and hence the vectors JZl^Jj^i span a subspace p' C p which 
corresponds to the tangent space of the x . . . x factor. We have [|, p'] = 
and for every e G p' pointing in the direction of one of the H^-factors, we have 
[kj, e] = for all but one i which corresponds to this H^-factor. This implies that 
this H^-factor is already an H^-factor of M. □ 

5.7. The Einstein operator on Sym2p — Parts involving a. In the following 
three sections, we will analyze the operator — A+S'w; on Ep. We will use the trivial 

Bochner formula —A = V*V on Myv; and we will show that Sy^ is nonnegative 
definite on Symg p and characterize the nuUspace. 

First observe that we have the splitting p = a © a"*" where o-*- = J2a Pa, which 
induces a splitting Sym2 p = Sym2 a © a ■ a"*" © Sym2 a"*". 

Lemma 5.7. For every wall W G C, the restricted operator Sy^; : Symjp — )■ 
Sym2 p preserves the splitting Symg p = Sym2 a © a • a"*" © Sym2 a"*" and it is 
positive definite on Symg a © a ■ a-*- . 
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Proof. Let v,w G a. We will need the following identity: 

n—r n—r n—r 

{v,w) = tT[v, [w, ■]] = {[v, [w,pi]],pi) - ^ {[v, [w,ki]],ki) = 2^ai{v)ai{w). 

1=1 1=1 1=1 

Hence ^"J^afaK"^) = Recall also that by (13. ip [ki,pi] = — [xi,yi] = af. 

Let now v,w E a, i.e. v ■ w E Sym2 a. Choose an orthonormal basis ei, . . . , 
of a and consider the orthonormal basis ei, . . . ,er,pi, . . . ,Pn-r of p. Then, since 

aj{v) = aj{w) = and [pj, v] = 

S)^{V -W) = ^ {arn{v) [krn, Pm\ ' W + arn{w)v ■ [krn, Prn\ " 2arn{v)arn{w)prn " Pm) 
m 

- 2 ^ ai{v)pi ■ [ku w]) = ^ )a* ■ w + arn{w)v ■ a*) = v -w. 

I m 

So S'w is positive definite on Sym2 a. 

Now assume that v E a and w E a-^, i.e. v ■ w E a - a-^. Then 

Syviv ■ w) = ^ {a.rn{v)[krn,Prn\ ' W - V ■ [k^, [krn, w]] + 2ara{v)Prn " [km, w]) 
m 

- 2 ^ ai{v)pi ■ [ki, w] = ■ w - "^v ■ [km, [km, w]] 

I m 

Hence Sy^ maps the space a ■ a"*" to itself and it can be expressed as a tensor 
product of the identity on a and the map 

a^, iv^lw - ^[km, [km, w]] 

m 

This map is positive definite, hence the tensor product, too. □ 

5.8. The Einstein operator on Symgp — The part SymgO"*". It remains to 
analyze the operator Sy\) on SymgO"*". This case is the most complicated one 
since we have to deal with the richer nilpotent structure on n. We will find out 
that the Sy^ nonnegative definite on this space and that the nullspace corresponds 
exactly to certain deformations of n. In the next subsection, we will then show 
that in many cases such deformations do not exist and hence S'w is positive 
definite. 

As a first step it will be essential to express the operator Sy^ in terms of the 
nilpotent structure on n. In order to do this, we first need to discuss how we can 
recover the complete structure of the Lie-algebra g from the nilponent structure 
on n and the roots a/. Recall that n is spanned by the basis vectors xi, . . . , Xn-r 
which are orthonormal with respect to the scalar product (■, ■) = — (■,cr-). We 
define the symbol ( Y ) by the following identity: 

[xi , Xj] = ^ k^^^' 

k 
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Then ( Y ) is a (1, 2)-tensor on n in the indices i, j, k and it is antisymmetric in i 
and j. Since n is nilpotent, we know that ( Y ) =0 for all i and /, so in particular 

EC/)--C.-)-°^ (5.7) 

I 

Moreover, by nilpotency we know that ( Y ) ( ) cannot both be nonzero. 
Hence 

E(V)C?)-0. (5.8) 

Observe that equations (15. 7p and (15. 8 p are tensorial, i.e. they also stay true if we 
change the orthonormal basis 

The symbol ( Y ) contains all the information on the nilpotent Lie group n. 
Using this information and the roots ai, . . . , Q;„_r G a*, we will now reconstruct 
the structure of the Lie algebra g. First, we analyze terms of the form [xi,yj]. 
We have for any /: 

{[xi,yj],yi) = {[yj,yi],Xi) = {[xj,xi],yi) = -{^ 

So if pr„ denotes the projection on n, we have 

pr„([x„i/j]) = ^ 

Furthermore, we can compute that 



3 I 

i 



Xi. 



[xt,yj\,xi) = -{[xi,xi],yj) = (^j 



Hence 

J 



pT^-{[xi,yj]) = - J] C 



yi- 



Finally, for any v & a, 

{[xi,yj],v) = {[v,Xi],yj) = ai{v){xi,yj) = -5ija,{v). 

So 

pi^{[xi,yj]) = -5ijaf. 
We can thus write down the projection of [xj, yj] onto the space tj} = a © n © n~: 
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Understanding the part of in fio is more difficult because we did not 

introduce an orthonormal basis on this space. Hence, the best we can do here is 
to determine the scalar product of two such terms. 

{[xi.Vj], [xi>,yj'\) = -{[[xi,yj\,yy],Xi,) = -([[xj, y^/], y^], Xj/) - ([xj, [yj,yj]],Xi) 
^ {[xi, yj], [xi',yj\) + {[xi, Xi], [y^, yj>]) 

I 

= {[xi, yf], a[xi,,yj]) + 2{[xi, yf],pTp{[xe,yj])) - J] C / ) C / ) 

I 

=-(i-.*'M-.«'i>+E{e;vc-')}{5Vc;')} 

-EC;')C'/')+2M.',(«f,a?>. 

I 

We will now repeat this process twice while permuting j — > / i' ^ j. 

{[xi, yj], [xj, yv]) = -{[xi, y^l [xy.yj]) + J] { + (V) }{ ("^Z) + (^j') } 

-EC/)C7)+24'^.y<«f,af>, 
I 

{[xi, yvl [xy, y^]) = -{[xi, [xi,,yj]) + I] { f/) + } { CjO ^ ^ i') ) 

-EC0(V)+2M.Y<«f,4>- 
So if we add the first and third equation and subtract the second one, we obtain 

(K..ij......i>4E[{e;vc;)}{e.vc;')} 

-{c;v(y)}{e;v6')}Mev(V)}{(/)-5')}] 
c;')e/')-(v)(7Vc/')(?)i 

+ Sij>Sirj{af, of) - Sii>Sjj>{af, of) + 5ij5i>j>{af, a*). 
For any i, i', j, / set 

Aji'j' = 5if5i>j{af, af) - 5ii>5jf{af, af) + Sij5i>j>{af, a*) 
and interpret Aijiiy as a (0, 4)-tensor on n. 
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We will now calculate the curvature. In order to simplify calculations lateron, 
we will for the moment assume that Xi, . . . ,Xn-r is any orthonormal basis of n 
with respect to the scalar product (•, •), i.e. the Xi do not satisfy the grading of n 
anymore and there is no root associated to them. We furthermore set i/i = axi, 
ki = + Hi) and Pi = -^{xi — Ui). Observe that we can still use the identities 

above as long as they were tensorial. 

We now calculate the sectional curvature on the plane span{pa,Pfe} using f l3.4p : 

Rabba = 4:{[Pa,Pb], [Pa,Pb]) = {[Xa - Va^Xb - Z/b], \Xa - Va.Xb - l/fc] ) 

= 2([Xa,Xb], [l/a,l/b]) -4([Xa,X6], -4([Xa,Xb], [Va^X^^ 



-2E 
-E 

I 

a I 
a 

E 



bl 



+ 



^E 

I 

''a I 



[Xu [Xa^Vb]) - 4(^1^^ {Xi, [ya,Xb]) 



}{( 



bl 

a 



a I 
b 



+ 



a I 



}{ 



bl 



bl 



E 



bj ^ \b 



a a\ fb b 
I 



bl\ (a I 



a I 
b 



bl 

a 



IJ + \1 



a b\ /a b\ /a b\ /a b' 

U^[l [l 



+ 2A, 



abab 



a I 
a 



a I 
a 



}{( 



bl\ (bl 



bl 
a 



a I 
b 



al\ /bl 
6 j + U 



bl\ fal 



}{ 



bl 
a 



a I 
b 



+E 



ab\/b a 
I )\l 

a t 



a b\ fb a 
I 



+ 1 ; M , 1 + 



a a\ fb b 



I J\l 
'a l\ fb I 



2A 



abba 



■«E(r)^2E{(V)-c)}-«E(r)(V) 

I I I 

-*E(r)(V)-^E(r)(iV2-^--2^- 



We will also need 



4:(^[km, Pa]y [k-mj Pa]^ — (^[Xm ~\~ Vmy Xa ya]i [Xm ~\~ Vrnj Xa 1/a] ) 

2 ^ [^^m; Xq^ , [l/m; Val ) 4^ [x^, Xa\ , [Xjji, ) ~^ 4{ [-^m,) -^a] ; [l/m; -^a] ^ 

+ 2{[Xm,ya], [Xa,ym\) + 2{[Xm,y a\ ; [-^m; Val / 



E^ 



m a 
I 



-4 



m a 
I 



(xi, [Xm,ya]) +4 



m a 
I 



\Xl , [?/rrt) Xa\ ^ 
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+ 



''a b 



I 



a b 



''m b 



b 



a b 



b 



m a\ (a m\ fm a\ fa m\ fm ra\ ra a 

/ y w y + w y w y + 1 / y w 



+ 



a I 
m 



+ 



m I 
a 



a I 
m 



m I 
a 



m I 
m 



m I 
m 



a I 
a 



a I 
a 



m b 



b 



/m m\ fa a\ fm a\ fm a\ fm a\ f 



m a 
I 



I ^ 



m a\ fa b 
m, 



We can use these calculations to express the operator Sy\; on Synig O"*". Consider 
a symmetric bilinear form h e Symg a"*". Let {pg} be an orthonormal basis of a""" 
which diagonalizes h and which obeys the sphtting p — 0"*". On 0jfpQ 
we can just choose the standard orthonormal basis {pa}. Corresponding to this 
new orthonormal basis Pi, . . . ,Pn-r of ©q. Pa there is then an orthonormal basis 
Xi, . . . , Xn-r of n such that for ya = crXa, we have Pa = -^{^a — Ha)- Moreover, we 
set ka = :^(2^a + Ua)- Observe that Xi, . . . , x^-r respects the splitting n = ia © n, 
i.e. {xa} is a basis for n and {xg} one for n. 

Let {Aa} be the eigenvalues of h, hence h — XgPa ■ Pa- We can compute 

4{R{h),h) = ^ '^Rg^g/h'ag/h^ = '^4:Rg^XaXh 

a,b,a',b' a,b 

4 (y) (-^^) ) Xa\ + 2 - ^ma)KK 



a,b,l 



ah\ fa I 

i 



a,b 



and 



4 2^ ( [fcm , [km, Pa] ] , Pa ) A| + 4 ( [k^, Pa] , Pb) ^ Aa Aft 

a,m a,6,rn 
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a,m a,b,rn ~ 



^ii^'^. a,m,l 

a\ I'm b\ /a b\ '^'^ 



+ 2 1^ ^ )~( a )^(m)} ~ ^ y~^(^ maam + Amama)^l- 



a,b,m 

Here, we have used the following two identities: First, by ( 15 .Sp and the fact that 
(ii) = 

E/m a\ /a /\ _ \ ^ /m a\ /a / 
V / )\rn) ~ I )\m 

m,l m,l 

and secondly by exchange of / and m 



m,l 

Using these two identities, we can finally express the operator Sy\> 

\2(^yV , oV^ (hi 



x,y,z a,b,l 

-E{(tV(f)^i-E{(f)^eJ)}^ 



b 



a,b,l 

a,b a,m 

a h ^2 



2i:(A.+A.-A.re/)V85:{EA.e;)} 



a.b 



We will now show that the last line is always nonnegative. This will then establish 
the nonnegativity of S'w. To carry out the calculation, we rewrite the last line in 
tensorial form: 

abb' a' maa 'm 

+ A 

mama ' )halhla' 
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and we return to the original orthonormal basis Xi, . . . ,Xn-r which obeyed the 
nilpotent grading of n. Then the expression above becomes 



a,b al 



«6 



#12 



a,b 



So Sy^ is indeed nonnegative definite on Symga-*- and the nullspace consists 
exactly of those h = habPa ■ Pb (for hab = h^a and the original orthonormal 
basis Xi, . . . , Xn-r which respects the grading of n) which satisfy the following five 
identities fCT]]) - fl31^ below 

Y.'^J^!)^Y.'^^!) = Y.^^Jc!) ("0) 

i i i 

5^te = o (5.11) 

i 

hab = if Ob (5.12) 



Observe that condition ( I5.12p implies that if h lies in the nullspace of S'w, then 
it has block form with respect to the splitting and hence we can find an 

orthonormal basis Xi, . . . ,Xn-r which both respects the nilpotent grading of n 
and for which the associated orthonormal basis pi, . . . ,Pn-r diagonalizes h with 
eigenvalues. In this basis, we see that identity f l5.13p is redundant. In the said 
basis, the fifth identity characterizing the nullspace is 

haa = hj, if + 7^ for some /. (5.14) 

5.9. Analysis of the nullspace. Let h G Sym2 a^y be a symmetric bilinear form 
on a^. In the last subsection we found that h lies in the nullspace A/W C Symg a-*- 
of S'w if it satisfies the identities f l5.10p -( l5TT4|) . Set a-*- = = 0^, Pa and let 
Af = Afc C Symg a"*" be the nullspace corresponding to C. In other words, M is 
the space of bilinear forms h G Symg a"*" satisfying 

i i i 

^hiiai = (5.16) 

i 

hab = if tta^ ab (5.17) 

(Recall that identity (I5.13P is redundant.) In other words, we can say that Af is 
the space of all h G Sym2 a"*" which are in block form with respect to the splitting 
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= 0^ pa and which satisfy the following two identities ii h = Yla=i "^aVa ■ Pa 
for an orthonormal basis Pi, • • • , Pn-r for which the associated 
the nilpotent grading of n: 

A, + A, = Ac if (5-18) 
J2Kai = (5.19) 

i 

Lemma 5.8. For every wall W d C consider the imbedding Sym2 ay^, C Sym2 O"*". 
Then Afw = A/" H Sym2 Oy^ . 

Proof. Let h e A/w and interpret /i as a symmetric bilinear form on a^. Then 
identy fl5.19p is obviously satisfied as well as fl5.18p in the case in which a, b, c 
are of type a, b, c. If c is of type c, then a and b must be of a and b to guaratee 
i^c) 7^ 0) t)ut in this case both sides vanish. If a is of type a and c of type c, then 
b must be of type b. So since not both expressions ( ) and ( ) can vanish, we 
can use fl5.14p to conclude (15.191) . The same is true reversing the role of a and b. 

Let now on the other hand h G A/'flSymg and consider the diagonalizing ba- 
sis pi, ■ ■ ■ ,Pn-r- Since f l5.10p -( I^TT^ are trivially satisfied and (I5.13P is redundant, 
we only need to establish (I5.14p . This follows from identity fl5.18p for b = 1. □ 

We will now analyze the nuUspace M . By the following Lemma, we can restrict 
our analysis to irreducible symmetric spaces. 

Lemma 5.9. Assume that q has a de Rham decomposition Qi® ■ ■ ■ ® Qm- Then 
N = Ml® . . . ® Mm where M^ is the nullspace corresponding to g^. 

Proof. By (15.171) every h E M takes block form with respect to the (coarse) 
splitting a-*- = o;]*- © . . . coming from the de Rham decomposition. The other 
direction is clear. □ 

Lemma 5.10. Consider anh E M and choose a diagonalizing orthonormal basis 
xi, . . . , Xn-r as above. 

Assume that for two indices a, b we have = ctf, = Oq and that there is a 
representation 

Xa A^j^ [xjj, x^] -|- -B^^ [x^, ?/^] (5.20) 

u,v u,v 

such that Buv = whenever = a.^. Then \a = Xb 
Proof. Using the subspaces 

ga,\ = span{xi : = a, A^ = A} 
Q-a-x = span{?/i : ai = a, Xi = X} = aQa,x, 
we obtain refined splittings 

" = ® 0c.,A and n" = ^ g-a~\- 

aeA+,A aSA+.A 
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By flS.lSp and (15.91) . we conclude 

[da,X, Q-a',^X'] C Qa-a',X-X' H a ^ a'. 

Consider the representation fl5.20p of Xa and observe that G 0a„+a„,A„+A„ 

and [xu,yv] e Qau-Qv,Xu-x,- So if we set A^v = whenever a„ + 7^ oq or 
A« + 7^ Aa as well as B^v = whenever a„ — a^, 7^ ao or A^i — A^ 7^ Aa, 
representation fl5.20p continues to hold. We will assume this property from now 
on. 

Now observe that by (15.91) . we have [xa, yt] G to and hence [xa, yt] = <^[xa, yt] = 
[ya,Xb]- We can therefore compute using (13. ip 

[[Xa,yb],Xa] = [[ya,Xb],Xa] = [[Xa,Xb],ya] + [[^/a, , Xfo] = [[Xa,Xfe],?/J + \af\'^Xb 

By looking at the right hand side, we easily conclude that [[x^, Xq] G 0ao,Ai,- 
Moreover, this expression does not vanish, since taking the scalar product with 
yb yields 

{[[xa,yb\,Xa],yb) = {[xa,Xb], [i/a,Z/b]) " < 0. 

We will now show that also [[a;^, y^], Xa] G Qao,2Xa-Xf This will then imply 
Xa = Afc. Using the representation (I5.20p . we find 

[[Xa,yb],Xa] = 

uv [[[Xu: yv ; Xa\ 

u,v u,v 

yb\,Xy],Xa\) 

u,v 

+ ^Buv{[[[yb,yv],Xu],Xa] + [[[Xu,yb],yv],Xa\) 
u,v 

], [yb,x^]] + [[[yb , Xjj] , Xa\ , Xu\ 

u,v 

+ [[Xa, Xy], [Xu, yb]] + [[[Xu, Vb], Xa], X^]) 

+ '^Buv{[[xa,Xu],[yb,yv]] + [[[yt ) yv] ; Xa] , Xii] 

+ [[xa,yv], [xu,yb]] + ; Xa] ) yv]) 

This implies [[xa, ^b], Xa] G gao,2Xa-Xi, since none of the successive Lie brackets 
lie in go- Note here that for the seventh term, we have used the property that 
Buy = if a^, = Oq. □ 

Lemma 5.11. Assume that g is the Lie algebra of an irreducible symmetric space. 
If its rank is greater than 1, then every Xa has a representation i\5.20\} . 
If its rank is equal to 1, then A = {—2a', —a', 0, a', 2a'} and every Xa G Q2a' has 
a representation ^5.20\) . 
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Proof. Set ao = «a and consider the following subspace of Qao- 

u,v u,v 

Assume that V ^ Qaa- Then there is an a; G Qaa such that for y = ax we have 

{[xu,x^],y) = Q forallM,^ and ([a;„, j/^], y) = li ^ ao. 
This implies that 

[xu^y] has no component in Q-a^ for all u^v. 

y] has no component in g^^ if 7^ ao- 
[yy, y] has no component in Q-a^ if a^, 7^ ao- 
Hence, we conclude that 

[0/3, y] = if /3 e A \ {-2ao, -ao, 0, ao, 2ao}. 
Applying a yields [Qp.x] = for the same /3's. So we also have 

= [0/3, [y,x]] = [0/3, a*]. 

This implies that {a'^,f3*) = for all /3 G A \ {— 2ao, — ao, 0, ao, 2ao}. In the 
higher rank case this contradicts the irreducibility of q. 

In the rank 1 case, the Lemma follows from the fact that 02a' = [0a', 0a']- D 

We will now completely analyze the case in which g is the Lie algebra of a rank 
1 symmetric space M. The only possibilities here are real, complex, quaternionic 
and octonionic hyperbolic space: 

MM", CM^", HH^", Oe^^ 

where n > 2. The symbols EI and O denote the division algebras of the quater- 
nions and the octonions. We left out the spaces CiP and MM^ since they are 
isometric to MM^ resp. MH^. Observe that octonionic hyperbolic space only 
exists in dimension 16. 

Obviously, a has dimension 1. The set of positive roots A+ consists of a single 
root a in the real case and two roots a, 2a in the other cases. We can model the 
algebraic structure of the root spaces in the following way (see e.g. |Mosj ) : Let 
K = M, C, EI or O depending on which space we look at. Denote by ImffiC = {w G 
K : = —v} the imaginary subspace. Observe that dimlmlK = dimK — L In 
the case K = O let n = 2. We have the identifications 

g„ = K"-\ gsa = ImK. (5.21) 

For v,w e Qa = K""^ set 

{V, W) = ViWi + . . . + Vn~lWn^l. 

Then we can describe the Lie algebra structure on n = g^ © g2a by 

[v, w] = 2 Im(t>, w). 

Lemma 5.12. If q is the Lie algebra of a rank 1 symmetric space M, then we 
can describe the nullspace Af as follows {n > 2) 
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(1) If M = RW, then =R"-^ and Af = {h eSjm^R"-^ : tr/i = 0}. 

(2) IfM = CM^", then = C"-^ ©M. View C"-^ as R-vector space and let the 
endomorphism J denote multiplication by i. 

Then Af = {h e Sjm^ C"-^ : Jh + hJ = 0}. 

(3) IfM = ee^" or M = OHl^ then Af = {0}. 

Proof. Let K = ]R,C,e or O and recall the identifications fICT]) . We will fur- 
thermore identify n with a"*" via the map x ^ ^{x — ax) and sometimes view 

symmetric bilinear forms on a"*" as endomorphism on n. Then a symmetric bilinear 
form h lies in Af if and only if 

(i) h = + for symmetric bilinear forms on = resp. Q2a = 
ImK (see flHTTD ). 

(ii) For all v,w e K""\ we have [h^{v),w\ + [v,h^{w)] = h^{[v,w]) (see flS.lSp ). 

(iii) tr /i° + 2 tr /i^ = (see EH]). 

Hence, the case K = M is settled. 

Now assume that Im K is nontrivial. By Lemmas 15.101 and I5.11[ we conclude 
that = Xid for some A. Let xi, . . . , Xd-i be an orthonormal basis of Q2a = ImK 
and set yi = Xi. For each ? = 1 , . . . , ci — 1 define an endomorphism Jj G End Qa 
by 

{JiV,w) = {lm{v, w),yi). 

The Ji are antisymmetric and satisfy Jf = —1 (in the case K = C, we have 
Ji = J). So condition (ii) reads 

Jih^ + h^Ji = XJi for alH = 1, . . . , - 1. 

We conclude that 2tih^ = {d — 1)A and hence by condition (iii) it follows that 
= tih^ + 2tTh^ = A{d — l)tTh^ and thus A = 0. This establishes the case 
K = C. 

In the case K = EI we can choose xi,X2,xs G ImH such that xiX2 = x^ and 
hence J1J2 = Js- Then 

Together with Jg/i" + /i° J3 = this yields h° = 0. 

Finally using a multiplication table, we see that in the case K = O we can 
choose Xi, . . . , G ImO such that Ji J2<^3<^4<^5<^6 = Jt- Hence with 

h^J^ = h'^lJ^ ■ ■ • Je) = -Jih\J2 ■ • ■ Je) = • • • = (^1 ■ • ■ ^6)/^° = Jjh^ 
and h^J-j + J-jh^ = Q, we conclude /i° = 0. □ 

5.10. Final conclusion. We can finally give a proof of Proposition 15.11 

Proof of Proposition \5.1[ The nonnegativity of A>v follows from Lemmas 15.41 15. 5[ 
ESI EH and the calculations of subsection ESI In the case M = H" or M = CH^'^, 
the Proposition follows from Lemmas 15.21 and 15.121 

In order to show Aq > 0, in the case in which M does not contain any hyperbolic 
or complex hyperbolic factor, we only need to show that Afyj = {0}. By Lemma 



54 



RICHARD H BAMLER 



I5.8[ it suffices to show A/" = {0} and by Lemma 15.91 we can assume that M is 
irreducible. For the rank 1 case we use Lemma 15.121 

Assume now that M is irreducible and of higher rank. Lemmas 15.101 and 15.111 
yield that Xa = Xb whenever aa = db- Hence the eigenvalue Xa depends only on 
the root Consider the simple roots /3i, . . . , (3r of A"*" and let A'^, . . . , be the 
corresponding eigenvalues. We now use the fact that q is generated by the linear 
subspace 

r 

i=l 

This follows by the fact that any a G A"*" has > for some (3i and the 

computation fl4.16p . Hence, if aa = Yll=i ^iPi conclude that A^ = Yl\=i ^iK- 
So there is an element f G a such that Aa = Q.a{v) for all a. By f l5.19p and the 
first identity in the proof of Lemma 15.71 we conclude 

n—r 
a=l 

and hence h = 0. □ 

6. Proofs of the main theorems 

6.1. Introduction. In this section, we will prove the stability results Theorem 
11.11 and 11.21 Consider a solution {gt)t£[o,T) to Ricci deTurck flow (12. 2p . Recall 
from subsection 12.11 that we can write the evolution equation for ht = gt — ^ as 

dtht + Lht = Qt = Rt + V*St (6.1) 

where 

\Qt\ < C{\Vht\^ + \ht\\VX\), \Rt\ < C|V/^i|^ \St\ < C\ht\\Vht\. 

Let kt G C°°(Sym2 T*M K (Sym2r*M)*;M x M) be the kernel of the Einstein 
operator L, i.e. 

dtkt{-,xi) = ~Lkt{-,xi) and kt{-,xi) idsyma t*^ m • 

For {xi,ti) G M X [0,T) and < to < ^i? we obtain by convolution 

h{xi,ti) = / kt^_t^{xi,x)ht^{x)dx + / / kt^_t{xi,x)Qt{x)dxdt 
Jm Jto Jm 

kt^^ti{xi,x)ht^ {x)dx 

M 

+ / {kt^-tixi,x)Rt{x) + \/kt^_tixi,x)St{x))dxdt. (6.2) 
Jto Jm 

We will frequently make use of this identity. 

In the next subsection, we prove Theorem 11.11 In order to establish Theorem 
II. 2[ we first derive some more precise short-time estimates in subsection 16.31 
Then, we present a trick involving the geometry of negative sectional curvature 
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to obtain a good estimate on the linearized equation in subsection 16.41 Finally, 
we prove Theorem 11.21 in subsection 16.51 

6.2. Proof of Theorem 11.11 

Proof of Theorem \l.l\ Observe that by passing over to its universal cover, we can 
always assume M to be simply connected. 

By Theorem 14.21 and Proposition 15.11 we know that there are constants A > 
and C < oo such that we have the following bound on the heat kernel 

\\h{xi, ■)\\l^{m) < Ce"^* for all Xi e M and t > 0. 

Let £o > be a small constant which we will determine in the course of the 
proof and define T^ax to be the maximum over all T such that Ricci deTurck 
flow ht starting from ho = go — g exists on [0,T) and satisfies ||/it||Loo(A/) < £o 
everywhere. In the following, we will show that for sufficiently small Eq, we have 
||^i||L°°(M) < Ciee"'^* where e is the constant which controls ho- Hence, if e is 
small enough, we conclude that ||/it||Loo(M) < £^o/2 on [0,Tmax) and Proposition 
El yields Tmax = oo. 

Now set for every ti G [0,Tjnax) 

Zt^ = max e^*||/ijLoo(M) 



Again, by Proposition 12. 4[ we find that if we choose e small enough, we have 
Tlnax > cr^ and Z^2 < Ce. By Corollary 12. 3[ we conclude that for sufficiently 
small Eo, we have for all t G [a^, T„ 



max ) 

At , 11^ II ^ r<ry2-2\t 



We now use (16. 2 h for tx >to = o^: 



hti{xi) = / kt-i^-cr'^ixi, x)h^2{x)dx + / / kt^^t{xi,x)Qt{x)dxdt 
to obtain the estimate 

rh 

\htA{xi) < Cee-^'' + CZ? / e-^^''-'^e-^^'dt < Cee-^'' + CZfe-^'K 

We conclude that there is a constant Cq < oo such that 

Z,2 < Cos and Zt < Co{e + Z^) for all t G [a\ T^ax). 

Now assume e < (2Co)^^. Observe that since Zt is continuous in t, either Zt < 
2Cos holds for all times t G [o"^,Tmax) or there is a time t G [o"^,Tmax) with 
Zt = 2Coe. However, the latter case immediately gives a contradiction: 

2Coe = Zt< Co{e + Z^) = Co{e + 40^) < 2Coe. 

This implies the claim for Ci = 2Co- □ 
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6.3. Short-time estimates. In this subsection, we establish some analytical 
facts which are needed later in the proof of Theorem 11.21 Our main result will be 
Lemma 16. 2[ which states that a bound on perturbation in terms of two compo- 
nents as in the assumption of Theorem II. 2 [ will persist for a small time and there 
are suitable a priori derivative estimates. We will partially make use of methods 
developed in |KLj . 

Lemma 6.1. There is an Eq > and constants Sm > such that: Let ri < 1, 
ti = r\, Xi G M and assume that {ht)te[o,ti] is a solution to Ii6. 1\) on i?2ri(a;i) 
which satisfies \ht\ < Eq everywhere. Then if \ht\ < Eq everywhere 

+ Cr-^ ' II^o||l2(B2.i(xi))- 
Moreover, if \ht\ < Em everywhere, we have for all {x,t) E Brj^{xi) x [|ti,ti] 

Proof. As for the first estimate consider a cutoff function rj G C°°{M) which is 
equal to 1 on vanishes outside _B2ri(a^i) and satisfies |V?7| < Cr^^. We 

use dtht + V*Vht = Rt + V* St and \Rt\ < C|V/ijp, \St\ < C\ht\\Vht\ to carry out 
the following computation (integration will always be over B2ri{xi) and \ht\ < eq 
is assumed to be sufficiently small) 

< 



< 



\Rt\ 


\ht\ 


+ J 




\St\ 




\Rt\ 


\ht\ 


+ ) 




\St\ 





Hence 



This establishes the first inequality. 

In order to prove the second inequality, we first choose constants = 1 + 2~™ 
and = \ — 2~"^~^ for m > 0. Observe that 1 < Pm < 2 decreases and 
< Tm < I increases with m. For the following fix m > and consider a 
cutoff function rj G C°°(M) which is equal to 1 on Bp^^^rii^i) vanishes outside 
BpmrA^i) aiid satisfies |V?7| < Cmri^. If we differentiate (16. ip m times, we obtain 



9t(V"^/it) + V*V(V™/it) = [V*V,V'^]ht + Q 



(m) 
t 
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where 

ii+...+ifc=m+2, k>2, 
ii>0, i2,---i*fci^l 



Now observe that by Corollary 12.31 and the bound \ht\ < Em, we have |V*/i| < 
ClSmri^ for alH < m + 2 on M X [rmti,ti] if Sm is sufficiently small. Hence, we 
can bound the two extra terms as follows 



m+l 

m m 



i=0 i=0 



Hence similarly as before 



< 

1=0 

So 

We now multiply this inequality by t/ti — t^+i and integrate it first from t^_,_i ti 
to some t' G and then from r^^iti to ti to find 

m 

i=0 
m 

Hence, by induction 

and Sobolev embedding for large m yields the desired result. □ 
In the following let ao = cr^.e. where CTg e. is the constant from Proposition 12.41 
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Lemma 6.2. There are constants Am < oo and Em > such that for all a > 0, 
bi,b2 > 0, a < cxq, m > and q > 2 we have: 

Let (/it)ie[o,o-2] be a solution to \6. 1\) and assume that |/io| < md Hq = h\ + 
with \hl\, |/iq| < Em and 

Then, there are continuous families (/tJ)tg[o,o-2]5 (^t )te[o,(72] with ht = h\ + such 
that for m = and all t G [0,(T^] or m > 1 and all t G [|crQ,cr^] we have 
iV^/iJl, |V™/i?| < AmSn, and 

\V-h\\ < ( I W-'hlA''' < AJo,. 

r + 1 + a V iAf / 

Moreover, for all t G [|o"o;<7^] '"^e have |V™/i^| < Amb2- 

Proof. Let Bi, B2 be positive numbers which will be determined later and assume 
first that all E^ are bounded by some constant Eq > By Proposition 12 .4^ we 
have < Ceq on M x [0, cr^] for some C. Hence, there is some number w < Ceq 
such that 

\ht\<u + v + w (6.3) 
where u, f G C°°(M) are nonnegative scalar functions with 

Bibi 



u 



r + 1 + a' 



\v\\l^m) < 52&2- (6.4) 



Imagine w to be close to the infimum with this property. In the following we 
will show that we can rechoose v such that (16. 3p even holds for ^w. Hence, by 
induction it holds for w = 0. 

Consider some < ri < a, set ti = r\ and for any x G M 

— -{n+2) —-n 
Hr,{x) = ' \\h\\Li{B2r,(x)xlO,h]) + ' \\ho\\L^{B2rA^)) 

n 

< Cu{x) + Cw + 2r^ " \\v\\Li{B2r^{x))- 

Observe, that also Hr^{x) < Ceq. By Lemma [6. II we have the following estimates 
(for {x',t') G Br^{x) X and m not too large) 

From this, we obtain estimates on i? = V/i * V/i (again for {x',t') G Br^{x) x 

\R\{x\t') < Crl^H\{x) < Cr^EoHr.ix). 
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as well a.s on S = h* Vh 

ri"^"+^^||5||Li(B,^(^)x[o,ti]) <n^''''^^^\\S\\L2(Br,{x)xm]) < CrfVoifri(x). 

\S\ix',t')<Cr^'eoHr,{x). 

We now use fl6.2p for xi G M and to = 

h{xi,ti) = / kt-^^{xi, x)h{x,0)dx 
Jm 

j-ti 

+ 



n{kt^^t{xi-i x)R{x, t) + Vkt-f^-t{xi, x)S{x, t))dxdt. 
I 



We can bound the first integral using the fact that \kt^\{xi,x) < 
where = " exp(— |r]"^(i^(xi, a;)) (see Proposition I2.5p 

As for the second integral, we split the domain of integration M x [0, ti\ into two 
parts: VL = Brj^{xi) x [|ti,ti] and its complement. For the integral over Q, we 
use the pointwise bounds on R and S as well as the fact that by Proposition 12.51 

\kt\{xi,x)dxdt < Crl, 



Ib 



Br-i (a;i)x [0,1*1] 

\Vkt\{xi,x)dxdt < Cri 



's^-^(xi)x[0,iti] 

to conclude 

n 

\In\ < CeoHr^{xi) < CeQu{xi) + Ceqw + Ceo^i " \\v\\Li{B2r^{xi))- 

On M X [0, ti] \ Vt, we use the fact that by Proposition 12.51 we have the bounds 
\kt^^t\{xi,x) < C$r-i(a;i,x) and \Wkt-^-t\{xi^x) < Cr^'^^rAxi^x) to conclude 

|/Mx[o,ti]\nl ^ Ceo j^^(l>r,{xi,x)Hr,{x)dx 

< Ceou{xi) + Ceqw + Csor^ " / ^ri{xi, x)\\v\\Li(B2r^{x))dx. 

Jm 

Hence for some Ci 



\h\{xi,ti) < — — \- Cisow + VrAXl)■ 
r[Xl) + 1 + a 



where using ^^1(3;) = " \\v\\Li(B2r^{x)) 



Vriixi) = C I ^riixi,x)[\hl\{x) + eoVr-^{x))dx + CeoVr^{xi). 

M 
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Set V = supo<ri<o- "Sri- Denote by A^o- the Hardy-Littlewood maximal operator 
up to scale a, i.e. for any nonnegative function / G C°°{M), we set 

{M^f){xi) = sup ■ „\ . / f{x)dx. 

0<ri<cr vol l^rAXi) J Br^{xi) 

Observe that for every < ri < a 



^r-^ixi^ x)f{x)dx = / ^ni^i^ x)f{x)dx + / ^^{^1, x)f{x)dx 

<C [ - (MJ) (xi) r (rr"e"^) ( [ dx] dr' 

Jm Jo \ / \Jb^,{xi) / 

<c/ ^^{xux)f{x)dx + C{Mj){x,). 

Hence 

< {M^{\hl\ +eoVrJ){xi) 

+ C ^a{xi,x)[\hl\{x) + eov{x))dx + CeoVrj^{xi). 
Jm 

By the Hardy-Littlewood maximal inequality (cf |SWj ) and Young's inequality 
there is some C2 (which is independent of q) such that 

II^^IIl^CM) < C\\hl\\Li{M) + C^o\\Vr-i\\Li{M) 

< C2\\hl\\Li{M) + C2£o\\v\\li{M) < (^2(1 + £oB2)b2- 

Now choose Bi = 2Ci and B2 = 2C2. This allows us to choose Eq small enough 
such that Ci(l + ^o^i) < Bi, C2{1 + eoB2) < B2 and CqEo < |. We find that 
\ht\ < u + V + w with w = |w and ||'5||L'j(Af) < -82^2- Iterating this argument 
shows that we can find u,f G C°°(M) satisfying (16. 4p and (16. 3p for w = 0. 

Now consider such u and f and recall that for every x G M and {x',t') G 
_Bo-o(x) X [icTQjCr^] we have 

|V™/i|(x',t') < CmCTo'^H^.ix) < C^a^^iuix) + ||t;||L.(B..„(.))) 

and recall that by Corollary 12.31 we have |V™/it| < Cm£m for t G [|(To,cr^]. So on 
B^g{x) X [|cTq,(J^], we can find a splitting /i^ = hj + hf such that iV^/ij], |V™/i^| < 

1^"^* I ^ r+i'+V - ^-ll^ll^'(s-oW) ^ C^B2b2. 

Using a suitable partition of unity, we can glue those splittings together. It is 
clear that we can extend this splitting to the time interval [0, a^] such that the 
zero order bounds hold on [0, ^ctq]. □ 
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Figure 2. The cases d <0 and d> 0. 




6.4. Hyperbolic geometry and bounds on the linear equation. We need 
the following elementary observation. 

Lemma 6.3. Let M — M"' or Cff". There are constants C < oo and /i > such 
that: 

Consider two distinct points Xo,Xi € M and let tq > , < a < ^ . Let v G T^^M 
be the vector pointing towards xq and define the sector 

Sv,a = {exp^j(it) : u e T^iM, <^^{u,v) < a}. 

Then for d — d{xo, xi) — ro we have 

vol {Br,{xo) \ S,,a) < Ce-<^a-^^''-'\ 

Proof. By rescahng we can assume that the sectional curvatures are < — 1. We 
will then show the volume estimate for // = n — 1. 

Choose a such that sha = e~'^(l — coso;)"^ < Ce~'^a~^. In the following, we 
will show that 

Broixo) \ S^^a C Ba{Xi). 

Since Yo\Ba{xi) < C(sha)"~^, this will give us the desired estimate. 

Consider a point x' G B,,.^Xxo)\Sv,a- Let a' = d{xi,x'), r'^ = d{xo,x'), u G T^^M 
such that exp^^(-u) = x' and a' = <xiiu,v) > a. By the triangle inequality we 
have a' > d. Consider a comparison triangle AxoXix' for the triangle AxqXix' in 
and let a' be the angle at xi. By triangle comparison, we have a' > a' > a 
and hence by the law of cosines in 

ch Tq > ch(ro + d) ch a' — sh(ro + d) sh a' cos a. 

Moreover, since 

ch Tq < ch To = ch(ro + d)chd — sh(ro + d) sh d, 

we conclude 

th(ro + (i) ( sh a' cos a — shd) > ch a' — ch d. 
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Observe that since a' > d, either the right hand side is positive or d < and 
hence the left hand side is positive. So 

sh a cos a — sh d > ch a' — ch (i. 

This imphes 

sha'(l — cos a) < e~'^ 
and hence sh a' < sh a which estabhshes the claim. □ 

Lemma 6.4. Let M = H", {n > 3) or CH^", (n > 2) choose a basepoint Xq E M 
and consider the radial distance function r = d{-,Xo). For every w > there is a 
constant C = C{w) < oo such that: 
Assume that h G C°°(M; Sym^T*M) and that 

\h\{x)< 



(r(x) + 1 + a)"" 

for some a > 0. Then for all Xi G M and ri = r{xi) and t > 
jjh\{x,,x)\h\{x)dx< 



Proof. For small times t < 1, the estimate follows with the help of Proposition 

12.51 So assume that t > 1. 

Recall Ab > from subsection 14.11 If ri + —t < 1 + a, then we find by the 

M 

L^-boundedness of kt (cf. Theorem 14. II and Proposition 15. ip 



C C 
\kt\{xi,x)\h\{x)dx < — — — < 



M 



;i + a)"' - (ri + l + a + ty 

1 ri + > 1 + a 

fj. 

We can then bound 



Assume from now on ri + ^t > 1 + a and hence r2 := |ri — |(1 + a) + ^t > 0. 



/ 



c c 

\kt\{xi,x)\h\{x)dx < — — — — - < 



M\B„ (xo) 



(ra + 1 + a)"' " + 1 + a + ty 



and hence, it remains to bound the integral on Br^ixo). Set a = s{n-i) '^^ 



4(„_i)^)- Let V G Tx^M be the vector which points in the direction of xq and 
consider the sector S^^a- By Lemma [6. 3 [ we have 

vol(5,2(a;o) \ < Ce^('^2~"^)a-2("-i). 

So by Cauchy-Schwarz and the bound ||/i;t||L2(M) < Ce~*^"~^^* (cf. ( I4.12p in the 
proof of Theorem 14. ip 



I \kt\{xi,x)\h\{x)dx < Ce2(^2-n)^-(n-i)g-Ast 

c 



Cexp ( - - f (1 + a) - ^t) < — . 
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In order to bound the integral on the remaining part Br2{xo) H S^^a, we use the 
fact that ||/ct||Li(s'„ ^) < Ca"""*^ (observe that kt is spherical and that the set of 
angles pointing into the sector S^^a at xi has measure ~ a""^): 

\kt\(xi,x)\h\(x)dx<Ca''-^- — — . □ 

6.5. Proof of Theorem 11.21 We will need the following linear estimate: 

Lemma 6.5. Assume that 2 < g < oo and let Hq e (M; Symg T*M) such 
that ||/io||l9(a/) < oo. Consider ht{x) = Jj^^ kt{x,x')ho{x')dx' , the solution of 
dfht = —Lkf. Then, for X = ^Xb > we have 

\\ht\\Li{M) < Ce '^^ II /^-O II L'J(M)- 

Proof. By the L^-boundedness of the heat kernel, the inequality is true for q = oo 
with A = and by the Bochner formula (cf (14.121) ). it holds for q = 2 and A = A^. 
Hence, by the Marcinkiewicz interpolation theorem, it holds for any 2 < g < oo 
with A = ^Xb- □ 

Proof of Theorem \1.2[ Observe first that the Theorem is more general for larger 
q. Hence, we can assume q >2. 

Let £0 > be a small constant which we will determine in the course of the 
proof. As in the proof of Theorem 11.11 let T^ax be the maximum over all T such 
that Ricci deTurck flow ht exists on [0,T) and satisfies \ht\ < Eq everywhere. We 
will show that for sufficiently small e (independent of Tmax) we even have |/it| < 
eo/2 and hence Tmax = oo. Recall that by Proposition 12.41 we have Tmax > ctq- 

By Lemma |62] (applied successively to the time intervals [0, a^], [^ctq, Ictq], . . .), 
we conclude that for every t G [0, Tmax) there is a splitting ht = h\ + h"^ with 



M 



2^ 



for some < oo (here A is the constant from Lemma 163]) . For every t G [0, Tmax) 
let Yt be the infimum over all possible for all splittings ht = h\ + hf and set 

Zt = maxj/e[o,t] Yf. 

By Lemma 16.21 we have Z^2 < Cq. Applying Lemma 16.21 at positive times, 
we find that for any ti,t2 G [0,Tmax), we have Zt^ < CiZt-^ whenever t2 < 
ti + (Tq. Moreover, we conclude that for times [o"o,Tmax) we can rechoose h] 
and piecewise continuously in time such that ht = h\ + hf and for m = 0, 1, 2 
we have iV^/ij |, |V™/it| < Aeq and 



\V^h]\< , sup|V'"/i?| + f / \V^hlA"' < AE2Zte--^K 

r + l + t M ^Jm ^ 



Hence, since \Qt\ < C(|V/itp + \ht\\V^ht\), we find that Qt = Q\ + Ql with 



M 



— -t 
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Let now ti G [(TQ,Tmax), Xi G M and ri = r(xi) and recall from (16. ip that 

htii^i) = [ K-a^{xi,x)h^2{x)dx+ [ [ kt,^t{xi,x)Qt{x)dxdt 
Jm Jal Jm 

Hence, ht^ = + h^^, where {i = 1, 2) 

Kii^i) = [ hi-a?,{xi^x)K-^{x)dx + f f kt^-t{xi,x)Ql{x)dxdt. 
Jm ° Jcrg Jm 

We will estimate hl_^{xi) and h'f_^{xi). 

Observe first that by Lemma 16.41 for w = 1 



kt^_Mxux)hl2{x)dx 



M 



ri + 1 + ti 



and for w = 2 and t G [ctq, ^i] 



_2ry2 nr-'iV'i 

kt^_t{xi,x)Q]{x)dx 



t 

M 



(ri + l + ti)2 - tiin + l + tiY 



Hence 

Secondly, by Lemma 16.51 we find 



< (C3^^2 + C4(g)£^ZtJe-t*i. 
Here 6*4(5) depends on A and hence on q. By the minimality of Yt^ we conclude 

Yt, < max{C2(l + + C,{q)e2Zt,}. 

Let C5 = max{Co, C2, C3} and observe that 

Z,2 < C5 and Zt < max{C5(l + SiZl), C5 + C^{q)e2Zt}. 

Now set ei = {2CiC5)'^ and £2(5) = (2(:7iC4(g))"^. If < 2C5 did not hold 
for all t G [o"o,^max), then there must be a jump, i.e. two times ti < t2 with 
t2 — < ctq such that Zf^ < 2C5, but Zt^ > 2C5. By the fact that Zt^ < CiZf-^ < 
2C1C5, we find 



2C5 < Zt, < max{C5(l + 6,i2C^C,Y), C, + C,{q)e2i2C,C,)} = 2Q 



5) 



a contradiction. Hence, we have Zf < 2C^ for all t G [(TQ,Tinax) and the claim 
follows. □ 
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